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Abstract. We consider the energy critical Schrodinger map problem with the 
2-sphere target for equivariant initial data of homotopy index k — 1. We show 
the existence of a codimension one set of smooth well localized initial data ar- 
bitrarily close to the ground state harmonic map in the energy critical norm, 
which generates finite time blow up solutions. We give a sharp description of the 
corresponding singularity formation which occurs by concentration of a universal 
bubble of energy. 



1. Introduction 

1.1. Setting of tiie problem. We consider in this paper the energy critical 
Schrodinger map 

dtu = u A An, / X ^ ^9 / X ^9 , X 

;>i t,x gMxM^, u(t,x)eS^. 1.1 
uit=o = no G ' ' ' 

This equation is related to the Landau-Lifschitz equation in ferromagnetism and 
it is a special case of the Schrodinger flow for maps from a Riemannian manifold 
into a Kahler manifold, see |11) . |10) . It belongs to a class of geometric evolution 
equations [3T], [30], [31], [34], [2], including wave maps and the harmonic heat flow, 
which have attracted a considerable attention in the past and more recently. The 
Hamiltonian structure of the problem implies conservation of the Dirichlet energy 

E{u{t))= \S/u{t,x)\'^dx = E{uq) (1.2) 

which is moreover invariant under the action of symmetric transformations 

n(t,x) ^nA,o(i,^) = C>n(^,^), (A, O) G M; x ©(M^). (1.3) 

The problem of global existence of large data solutions or, on the contrary, the 
possibility of a finite blow up and singularity formation corresponding to a concen- 
tration of energy has been addressed recently in detail for the wave map problem 
- the wave analogue of (jl.ip - and the Yang-Mills equations, see |43| . [39], |20j for 
the large data wave map global regularity problem; |23j and references therein, |37| . 
[2T] (see also jH], |30] [S] 01], [l2], [2] for the heat flow), and has been until now 
open for the Schrodinger map problem. 

A specific class of solutions with additional symmetry preserved by the Schrodinger 
fiow is given by k-equivariant maps, which take the form 



n(t, x) = e 



ken 



ui{t,r) 

U2{t,r) ii = I 1 I , (1.4) 

U3it,r), 
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where (r, 9) are the polar coordinates on M?, and A; G Z* is the homotopy degree of 
the map, explicitely: 

k = ^ 1 {diu A f?2M) • u. 



The k-equivariant harmonic map 



Qk 



2r'' 

2k 
k 



1+r 
2r 



cos{k9) 

sin{k0) , k£Z (1.5) 



is a stationary solution of the Schrodinger map equation. In a given homotopy class, 
Qk minimizes the Dirichlet energy ()1.2p with 

EiQk) = 47r\k\. 

Moreover, a classical consequence of the Bogomol'nyi's factorization [8j is that, up 
to symmetries, Qk is the global minimizer of in a given /c-equivariant homotopy 
class. 

In the general case without /c-equivariant symmetry local existence and unique- 
ness of smooth solutions goes back to [40j . the small energy data global existence 
result is shown in ([6j) and a conditional global result for solutions with energy 
below that of the ground state Qi is given in 138]. 

For the /c-equivariant problem, the Cauchy problem is well-posed in if the 
energy E is sufficiently small, [9] or, more generally, if the energy E is sufficiently 
close to the minimum in a given homotopy class k, realized on a harmonic map 
Qk : — 7- [13j [14j. For large degree k > 3, this solution is stable, in fact, 
asymptotically stable by the result of Gustaffson, Nakanishi and Tsai [T5j . For 
k = 1 which corresponds to least energy maps, Bejenaru and Tataru [7] exhibit 
some instability mechanism of Q = Qi in the scale invariant space H^. 



1.2. On energy critical geometric equations. The Schrodinger map problem 
(jl.ip can be rewritten by application of uA as 

u A dtu = —An — |Vn|^n, 

and in this form it appears as the Schrodinger version of other energy critical geo- 
metric equations: the parabolic harmonic heat flow from crystal physics and ferro- 
magnetism (see e. g. [^, p| for an introduction to these class of problems): 

(Heat flow) f ^tu = Au + \Vu\'^u u^^\^^^^^2^ u(t,x)eS^. (1.6) 

[ Ut=0 = Uo 

and the wave map problem (see eg |22| . |33|): 
(Wave map) | 1^ =^"1' I i*"'''" (t,x)€xR^ 5^. (1.7) 

For equations ()1.6p . ()1.7p a special class of k-equivariant solutions arises from the 
co-rotational symmetry of degree k, where u takes the form 

sin((/)(t, r)) cos{k9), 
u{t,x) = sm{(j){t,r))sm{k9) i.e. U2{t,r)=0. 
cos(</)(t, r) 

In this class the full problem reduces to a radially symmetric semilinear equation 
for the Euler angle (/>(t,r). In a given homotopy class the harmonic map Qk is also 
the least energy stationary solution. 
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and a general problem which has attracted a considerable attention for the past 
ten years is: 

Describe the flow for initial data near Qk- 

In particular, the question of existence of singular dynamics for non trivial topol- 
ogy > 1 has been the heart of important numerical, formal and rigorous works, 
see e.g. [3], [3], [2], [41], [42J. For all three problems, singularity formation, if occurs, 
is expected to lead to the bubbling off of a non trivial harmonic map. It is impor- 
tant to stress the significance of the |/c| = 1 case which, due to the inner structure 
of Qfc, is expected to be the only case where stable singular dynamics could give 
insight into a mechanism of singularity formation for generic data near Qk without 
symmetry. 

In the parabolic case, the existence of blow up solutions for /c = 1 is known, we 
refer to [2j, [15j . |[lj for an introduction to the parabolic problem. Near Qfc, blow up 
is ruled out in |15) for A; > 3 where the harmonic map is proved to be asymptotically 
stable, and an infinite time blow up is shown to exist for k = 2 emerging from 
slowing decaying at infinity initial data. The sharp description of the singularity 
formation for A; = 1 is still mostly open. 

For the (WM) problem, important progress have been made on the existence 
and description of the singularity formation in [37J, [21j, ^33j where Q^. is shown 
to be unstable by blow up for all A; > 1. In particular, |33| obtained a complete 
description of the stable blow up regime for the Wave Map problem (jl.7p emerging 
from smooth well localized data with co-rotational symmetry, and for all homotopy 
numbers k > 1. The exact blow up speed in this regime is derived, and a concep- 
tual connection is made with the singularity formation problem for the critical 
Nonlinear Schrodinger equation as studied by Merle and Raphael, [23], |24| . [25], 
i26j, [27], see also Perelman [29j. 

For the Schrodinger map problem (jl.ip under equivariant symmetry, blow up 
has been ruled out again for /c > 3 in |15| . [13] . |14j . where Qk is shown to be 
asymptotically stable. For k = 1, Bejenaru and Tataru showed that Qi is stable 
under smooth well localized perturbation and also established instability of Qi in 
the topology. This still leaves open the question of existence and stability of a 
singular dynamics. 

1.3. Statement of the result. Continuing the line of investigation started in [26], 
|33| for the nonlinear Schrodinger and wave map problems, we establish the existence 
of a finite time blow up regime for the k = 1 equivariant Schrodinger map problem 
together with sharp asymptotics on the singularity formation. 

Theorem 1.1 (Existence and description of the blow up Schrodinger map dynamics 
for k = 1). There exists a set of smooth well localized 1-equivariant initial data with 
elements arbitrarily close to Q = Qi in the topology such that for all initial 
data in this set, the corresponding solution to (jl.ip blows up in finite time. The 
singularity formation corresponds to the concentration of a universal bubble of energy 
in the scale invariant energy space: 




as t ^ T 



(1.8) 
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for some parameters (A(t),0(t)) € C^{[0,T),M.*^ x M) with the asymptotic behavior 
near blow up time: 

A(t) = k{u) |ipg[jr_\)|2 (1 + ot^ril)) , K(n)>0, (1.9) 

G(t) = G(n)(l + o(l)), e(n)EM. (1.10) 
Moreover, there holds the propagation of regularity: 

Au* G L^. (1.11) 

Comments on the result 



1. Stability vs blow near Q: In [7], the authors in particular obtained the following 
statements. First, \/e > 0, 35 > such that ||^io ~ Qll/fi < ^ implies that the 
corresponding solution to (jl.ip is globally defined and 

VtGM, \\u{t) - QWj^^ < e. 

Second, there exists Eq > such that V(5 > 0, there exists an initial data uq^s such 
that 

\\uo,s - QWffi < S and 3*^ with \\us{ts) - Q\\jji = eq. 

In contrast to the first part of the statement above, which has the appearance of a 
result on stability of Qi, the initial data considered in Theorem II. H are smooth, large 
in the inhomogneneous topology but arbitrarily close to Q in the homogeneous 
topology, that is: 

llVuo- VQ||i2 « 1 but \\uo-Q\\l^>1. 

2. On the instability on blow up by rotation: The blow up speed (|1.9p is conjec- 
tured in [2j to accompany a generic stable singularity formation for the harmonic 
heat flow (|1.6p . The main result of this paper given by Theorem 11.11 shows that 
such a singularity formation regime also exists for the Schrodinger map flow, but it 
is no longer generic due to a completely new instability mechanism generated by the 
coupling between the dynamics of the scaling and phase parameters, see the strategy 
of the proof below. The rigorous derivation of stable blow up dynamics for k = 1 
co-rotational data for the harmonic heat fiow with the blow up speed (jl.Op is given 
in the forthcoming paper [34]. Moreover, while the blow up dynamics exhibited 
in [33j, [34j for respectively the Wave Map and the Harmonic Heat fiow are stable 
within the more restricted class of corotational symmetry, we expect the same insta- 
bility mechanism by rotation freedom to occur for generic equivariant perturbations. 

3. On the codimension one instability: The initial data in Theorem 11.11 are 
constructed to to form a set of codimension one in some weak sense to arrest the 
intrinsic instability of blow up dynamics induced by the rotation symmetry. Namely, 
given < 6o ^ 1 and a smooth well localized and small enough Q initial data vq, 
we can find a parameter ao(6o,fo) such that the initial data 

Qao{bo,vo),bo + 

generates a finite time blow up solution in the regime described by Theorem II. 1| 
where Qao.feo ^ suitable small two parameters deformatior0 of Qi. This relates 
to the construction of manifold of unstable blow up solutions performed in [5] , |19| , 



with respect to feo 

'see the strategy of the proof below 
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|28| for the L? critical NLS and [16j for the energy critical wave equation. 

4- Propagation of regularity: The propagation of regularity (jl.lip shows a major 
difference with the wave map problem [33j or the mass critical NLS problem |27] . 
where the remainder is proved to barely belong to the scale invariant space, while a 
full derivative is propagated here. Using the estimates in this paper one could show 
that 

Vs > 0, A^+^u* ^ L2 
and in this sense (jl.lip is sharp, see again j 27| for related properties. The regularity 
of the remainder is deeply connected to the blow up speed, see [27], |35| for a further 
discussion of a similar issue. 



Notations: (r, 0) and {y-,0) with f = and A - the scaling parameter - will 
denote the polar coordinates on M^. We set 

dr = -de, Af = yVyf, Df = f + yVf. 
r 

For a given parameter 6 > we introduce the scales 

1.4. Strategy of the proof. In what follows we detail the main steps of the proof 
of Theorem 11.11 



step 1 Renormalization and choice of gauge. 

Let u{t, x) he a k = 1 equivariant solution of the Schrodinger map flow, close to 
Q in the energy topology and potentially blowing up at i = T. By the local Cauchy 
theory and the variational characterization of Q it can be written in the form: 

n(t,x) = e®W«(g + e) (t,^ 

with 

||e(i)||j^i <Cl and X{t) ^ as t^T. 
It is therefore natural to pass to a renormalized function v{s,y): 

u{t,x) = e'^Ms,y), ^ = ^' y = J (1-13) 

determined up to the unknown modulation variables (A(t),B(t)) G x M. This 
maps (jl.ip into the corresponding equation for v: 

dsV + esRv-^Av = vAAv, (s,y)GM+xM2. (1.14) 
A 

In order to understand the renormalized equation (|1.14p in the vicinity of the har- 
monic map Q, we need to chose a gauge to describe v. A suitable gauge is provided 
by the Frenet basis associated to Q: 

' A(l) 



\dyQ\ \drQ\ 





z 



where we introduced the explicit functions describing the ground state: 

l + y^ 1 + y 



0(y) = 2tan-i(y), = y ^ = 7"^' ^(^z) = t— ^- (1-15) 
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At each point {y,0) the triple {er,er,Q) ia an orthonormal basis in with {er,er) 
spanning Tg^j^^S^. The equivariant symmetry assumption is equivalent to the state- 
ment that the expansion of v relative to the Frenet basis is given by the spherically 
symmetric coordinate functions: 

v{s, y) = a{s, y)er + y)er + (1 + l{s, y))Q, + (3^ + {1 + = 1. 
step 2 A slowly modulated approximate solution. 

We now construct a slowly modulated ansatz for the equation (|1.14p . This pro- 
cedure is similar in spirit to the constructions in [29| . |24| . |26) . |18| . |35) . More 
precisely, we impose the modulation equations 

-y = 6, -Qs = a (1.16) 
and look for an approximate solution of the form 

V{s,y) = Va(s),b{s)iy) 

for the unknown maps: 

(a, b) i-> Va,biy), s i-> (a(s), b{s)). 

After linearization near Q, the equation (jl.l4p takes the form of a nonlinear (in 
fact, quasilinear) Schrodinger system driven by the (a, b) parameters: 

dsOi - Hf3 = -bA(j) - bAa - a/3Z + Ni{a,/3) ,^ . 

where H is the linearized Hamiltonian 

The general strategy is then to build an approximate solution via an asymptotic 
expansion relative to the small parameters {a,b): 

a = ari,o(y) + b^To,2{y) + 0^^2,0(2/), /? = bTo,i{y) + abTi^i + lot (1.18) 

and to chose the law for the parameters 

as = -ci^iab + . . . , bs = -00,2^^ - C2,oa^ + (1-19) 

which yields solutions Tjj of the generated elliptic equations 

HTij = Nij{A(j), {Tk^i)Q<k<ifl<i<j) 

with least possible growth in y. A general non trivial growth of solutions to the 
inhomogeneous problem Hu = / is induced by a resonance Acp for the Schrodinger 
operator H: 

H{AcP) = 0, 

generated by the symmetry group ()1.3p . At the order b^ the expansion (jl.lSp gives 
the equation 

HTi^o = HTo,i = Ac/) 
which admits an explicit solution Tq^i = Ti^q = Ti with growth at infinity: 

Ti{y) = -ylogy + -y + 0{l), ATi = -ylogy + 0(1) as y ^ +00. (1.20) 

Examining the b^ order terms in the second equation of (|1.17p we obtain 

HTo,2 = -ATi + co,2Ti + iV(A0, Ti). 
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The ylogy growth of ATi can be compensated in (|1.20p by the similar growth of Ti 
and the choice of 

C0,2 = 1- 

Furthermore, similar to the construction for the wave map problem in [33], an 
additional explicit correction can be introduced to eliminate the remaining y growth 
in (|1.20p . This correction leads to a non trivial flux computation in the parabolic 
region y < ^ and gives a leading order ODE for the parameter b: 

'■ = -'^0 + ^)+"- 

Similarily, the ab order term in the first equation of (jl.lTp leads to 

//Ti,i = -(ATi - Ti) + ci,iTi + iV(A(/., Ti) 
where we used from (jl.lSp : 

■^(y) = -1 + O as 2/ +00. 

This choice ci^i = ensures that Ti^i has the least growth as y — )• oo. After an 
additional correction coupled with the flux computation we obtain the leading order 
ODE for a: 

ab 

= -27j TT + lot. 

|log6| 

The expansion (jl.lSp . (jl.lOp results in the construction of moderately growing 
smooth proflles Tij such that the ansatz (jl.lSp gives a high order approximate 
solution to the equation ()1.14p for the choice of the modulation parameters driven 
by the system of ODE's (fTTHD 

Xs = —bX, Qs = —a 

coupled with 

A spectacular feature of this system is that, generically in the regime of small a, b 
with positive initial value of b, the phase speed a dominates the concentration veloc- 
ity b and, through the term — a^, turns b negative, thus arresting the concentration 
behavior where A(s) — )• 0. Nonetheless, for a given initial &o > 0, one can find a 
locally unique ao(6o) such that the corresponding solution of the o equation obeys 
the bound 

b 

'''' ^ |log6|i+'5- 

In this non-generic case, the remaining ODE's reduce to the system 

— 0, (ds = a, bs + b — 



X ' ^ ' * ' |log6|- 

Integrating and using the scaling (jl.l3p now easily leads to finite time blow up with 
the asymptotics (ll.9p . 



step 3 Controlling radiation: the mixed energy/Morawetz Lyapunov functional. 

Let Q + Wa,fe denote the approximate solution constructed in step 2. We now 
decompose the solution u relative to the Frenet basis: 
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where the uniqueness of the decomposition is ensured through the choice of four 
suitable orthogonahty conditions on w, associated with the modulation parameters 
{X,Q,a,b). The rigorous derivation of the system of modulation equations (|1.2ip 
requires a careful control of the remainder radiation term w and relies on the esti- 
mate: 



l + ~ |log6(s)|2' 

which in view of the expected behavior b{s) — )• as s — )• oo has the appearance 
of a dispersive estimate for a solution of the Schrodinger equation. The weight 
is dictated by the slow decay of the ground state (jl.lSp . From our choice of four 
orthogonality conditions and the explicit knowledge of the kernel of H, ()1.22p is 
implied by the energy bound: 

Following the strategy developed in |33) . |35j . we return to the original variables 
(t, r), in which 

W{t,r) := w(s,y) 

satisfies the equation: 



idtW + HxW = ^^(s, y) + lot, 
where ^ is the error in the construction of the approximate solution Wa^b, and where 

Hx = -A + ^, Vx{r) = V{y) 

is the renormalized linearized operator with a potential V\. We compute the appro- 
priately constructed energy identity providing control of the 4-th derivative of W. 
Time dependence of the Hamiltonian H\ leads to the appearance of quadratic terms 
which require the use of an additional Morawetz type identity. Here an important 
simplification of the analysis is provided by the factorization properties of H, see 
()2.1ip . which are a consequence of the Bogomol'nyi's factorization or, equivalently, 
certain imp/icit repulsive properties of Hx- The result is a mixed energy/Morawetz 
Lyapunov control of the form 

l/£l\<A^ (1.24) 



i A6 j ~ AS |log6|2 

where the size of the RHS is dictated by the error in the construction of the ap- 
proximate solution. Integration of (jl.24p in the expected regime, 

A " 



|log6P ' 
yields the bound ([03]) . 

The strategy, as described, would present insurmountable difficulties due to the 
specific quasilinear structure of the Schrodinger map problem. Indeed, in the chosen 
gauge, the nonlinear terms in (|1.17p contain expressions of the type 

Ni{aJ) ~aA/3,/3Ad, ... 

which produce a loss of two derivatives in the computation of the energy identity. 
This is well a known problem, and the classical way to overcome this in the equi- 
variant case is to use the generalized nonlinear Hasimoto transform, see [9], |15) 
which, in a suitable nonlinear frame, maps the equivariant flow to a nonlocal cubic 
nonlinear Schrodinger equation. We propose a simpler and more robust approach 
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based on the computation of suitably defined nonlinear Sobolev norms equivalent to 
£4. The corresponding energy identities do not loose derivatives. At the level of the 
original problem for the Schrodinger map n, this can be traced to the observation 
that the quantity 



can be controlled in a bootstrap not requiring any assumptions on the derivatives of 
u higher then the ones appearing in the quantity. The propagation of this property 
to the corresponding problem for the radiation W requires keeping careful track of 
the geometric structure of the system written in the Frenet basis, see (j4.22p and 
Lemma 14.71 

This paper is organized as follows. 

In section 2 we introduce the class of 1-equivariant solutions of the Schrodinger 
map problem, define the Frenet basis, renormalized variables and the linear Hamil- 
tonian H. In section 3 we construct the approximate solution wq = wo(a,fe) and 
its localized version wq. In section 4 we describe our bootstrap assumptions, set 
up the orthogonality conditions, define the nonlinear energies £1, £2, ^4 for the 
remainder radiation term w and derive the modulation equations and the mixed 
energy/Morawetz type identity for £4. In section 5 we retrieve our bootstrap as- 
sumptions for the energies £2, £4 and the modulation parameters a,b. In section 
6 we conclude the proof of the main result of the paper establishing a finite time 
blow up and the accompanying asymptotics. In Appendix A we examine coercivity 
properties of the operators H and H^. In Appendix B we derive various interpola- 
tion bounds for the remainder w implied by the bounds on the energies £1, £2 and 
£4. These bounds are used extensively throughout the paper in the treatment of 
nonlinear terms. 

Aknowledgements P.R is supported by the Junior ERC-ANR program SWAP. 
I.R. is partially supported by the NSF grant DMS-1001500. This work was com- 
pleted while P.R. was visited the ETH, Zurich, which he would like to thank for its 
kind hospitality. 



This section is devoted to the description of the equivariant flow in the Frenet 
basis associated to the harmonic map Q. We recall in particular the main structure 
of the linearized operator, and give a vectorial formulation of the flow near Q ex- 
pressed in coordinates, see (|2.24|) . which will be important to handle the quasilinear 
structure of the problem. 

2.1. Ground state and Frenet basis. Let us provide the geometric and analytic 
setup for equivariantl solutions u : M X M2 ^ §2 ^ R3 of the Schrodin ger map flow: 



Maps with values in will be treated as maps into with the image parametrized 
by the Euler angles {(j),0). 




2. The 1-equivariant flow in the Frenet basis 



dtu = n A Au. 



(2.1) 



10 



F. MERLE, P. RAPHAEL, AND L RODNIANSKI 



The ground state solution of (|2.ip 

sin((^(r)) cos 9 
Q= sm{(f){r)) sin 9 with ^(r) = 2tan^"'^(r) 
cos{(j){r)) 

is a harmonic map — )■ of degree 1 and satisfies the equation 

AQ = -\VQ\^Q. 
Let us introduce the dilation operator 

A = rdr 

and the functions: 



(2.2) 



then 



2r 1 — 

sin(^(r)) = A^(r) = — — 2 > cos((/)(r)) = — — ^ 
1 + 1 + 

TT^ COS 



(2.3) 



^^sin& =e^R 



l+r- 





z 



with the rotation generator R given in (jl.4p . Define 



/i 



^/2 1 + r2 



1 



|VQ| 2 1 + Z 
and consider the normalized Frenet basis associated to Q: 

■ cos 6 



1- 


_,.2 


1- 




1- 




1- 








1- 





— sm/ 
cos 9 




(2.4) 



We compute the action of derivatives and rotations in the moving frame of Q: 

Lemma 2.1 (Derivation and rotation in the Frenet basis). There holds: 

(i) Action of derivatives.' 

Z 1 2Z(1 + Z) 

dj-Cr = —(1 + Z)Q, ACr = —A(pQ, drtr = —Cr, = ^Cr Q, 

Z 1 

drCr = 0, ACr = 0, drer = Gr — (1 + Z)Q^ Ae,- = ^6,-, 

drQ = il + Z)er, AQ = A0er, drQ = (1 + Z)er, /AQ = -2{l + Zf Q . 

(ii) Action of the R rotation.' 

RSr = Zcr, Rer = —Zcr — AcpQ , RQ = A(j)er- (2.5) 

Note from the relation 

eQ«(n A t;) = (e®^n) A {e^^v) , Ve € R, (2.6) 

that the scaling and rotation symmetries yield the two parameters family of har- 
monic maps 

QeAr) = e®^Q(^), (G, A) G M x m;, 



with the infinitesimal generators: 

d 



dX 



(Qe,A)|A=i,e=o = -AQ = -A(/>e^, 



_d_ 

dB 



(Qe,A)|A=i,e=o = RQ = A(/)e^. 



(2.7) 
(2.8) 
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2.2. Decomposition of equivariant maps in the Frenet basis. A degree (in- 
dex) 1 equivariant solution u{t,r,9) of the Schrodinger map problem (|2.ip is defined 
to have the form 



vi{t,r) 

V2{t,r) with {vi,V2,V3) = V e S'^. 
V3{t,r) 



The 1-equivariant symmetry is preserved by the Schrodinger map flow. Any equi- 
variant map has uniquely deflned radially symmetric coordinates in the Frenet basis. 
Indeed, let 

u{t,r,e) = e^^v{t,r) 

be an equivariant map and define a decomposition of u relative to the Frenet basis 

(ET 



OR 



aZ + 7A(/> 
— qA0 + 



u = a{t, r)er + (3{t, r)er + j{t, r)Q = e 
This leads to the relation 

Z A(/) 
1 
-A</> Z 

which uniquely determines (a,/3,7) : + + = 1 from {vi,V2,V3). 
2.3. Linear Hamiltonian H and its factorization. Recall the definition 



a 


Vl 


/3 = 




7 


V3 



Z{y) 



1+2/2- 

The function Z can be regarded as a solution of the equation 



AZ = Z^ 



1. 



(2.9) 



We introduce the following Schrodinger operator H which will appear as the leading 
order term in the linearization of the Schrodinger map equation, written relative to 
the Frenet basis, around Q: 



V 

yZ 



(2.10) 



with the potential 



V{y) = Z^ + AZ = 2AZ + 1 

The Hamiltonian H admits the factorization 

Z 



H = A*A, A 



(l + y2)2 • 
l + Z 



-dy + -, A*=dy + 

y 



y 



(2.11) 



where the conjugation is defined with respect to the 2-dimensional measure ydy. 
The conjuguate operator is given explicitely by: 



H = AA* 



-A + 



2(1 + Z) 

y2 



-A + 



y2(l+y2) 



(2.12) 
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2.4. Schrodinger map flow in the renormalized Frenet basis. We intro- 
duce two time-dependent modulation parameters @{t) and X{t) responsible for the 
changes of the phase and scale, respectively, and the associated transformation S: 

We define a space-time scaling transformation 

ds 1 r 



dt \^{ty ^ Xit) 

relative to which 

r 

vx{t,r) := v{t, -) = v{s,y). 

We compute 

A 



dgV + QgRv — —Av 
A 



and thus in particular: 



dt{Ser) = ^!^esZer + ^A(PQY (2.13) 

dtiSer) = ^ {&s{-Zer - A(f>Q)} (2.14) 

dt{SQ) = ^!^ QsA(t>er - y A</)e, | . (2.15) 

Let u now be an equivariant Schrodinger map. We decompose u according to 

u = S{Q + v) (2.16) 
and expand Sv relative to the Frenet basis associated with SQ: 

Sv = 6t\Ser + $\Ser + ^\SQ. 

The coefficients 

(Q;(t,r),/3(t,r),7(t,r)) = (q;(s, y), /3(s, y), 7(5, y)) 
obey the constraint 

a2 + ^2^(l + ^)2 = 1. (2.17) 

The map Sv satisfies the equation 

dt{Sv) = SQAA{Sv)+SvAA{SQ)-dt{SQ)+SvAA{Sv) (2.18) 

= ^5 |q A (At; + |VQ|\) + vAAv + yA(/)e^ - e,A(/>e, 
We now re-express quantities involving Sv in terms of the coefficients {ax, Pxi'lx)- 
dtiSv) = idtax-^i@,Z)^ + ^(-^Acl!^\ser 



+ \dA + ^{esZ)x + ^{esAcP)^\Se, 



A 



We now use the algebra: 
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+ 



to compute: 

^v+\VQ\'^v = {-Ha + 2{l + Z)dy^)er + {-Hp)er 

j^_2Z(l_+Z) ^ + A7 - 2(1 + Z)dyc^ Q 

where H is the Hamiltonian (|2.10p . This gives for the hnear term in v: 
QA{Av+ \VQ\\) = {H^)er + {-Ha + 2(1 + Z)dyj) e,. 
The nonhnear term produces the expression: 
V AAv = v A {Av + iVQpw) 
2Z{1 + Z) 



(2.19) 



-a/3 + /3(A7 - 2(1 + Z)dya) + ^Hp 



+ 

+ 



2Z(1 + Z) .2 



-a 



a(A7 - 2(1 + Z)dya) + ^{-Ha + 2(1 + Z)dy^) 



-aHi3 + P{Ha-2{l + Z)dr^) Q 



We now project (I2.18P onto Span{5e,., iSe-r} and obtain the equivalent set of renor- 
mahzed equations: 



dgOL -^Aq 

A 



2Z(1 4- Z) 

Hp ^ ' ap + /3(A7 - 2(1 + Z)dya) + ^Hfi 

y 



(2.20) 



+ y(l + 7)A,^ + e,/3Z, 



dsP- 



A 



2Z(1 + Z) 

^ A/3 = -Ha + — ^ + 2(1 + Z)dy^ - a{Aj - 2(1 + Z)dya) 

+ j{-Ha + 2(1 + Z)dyj) - e,(l + 7)(A0) - e,aZ (2.21) 

■A7 = -aHp + piHa - 2(1 + Z)dr^) - a^Atj) + /3G,A(/). (2.22) 

A 



A 



2.5. Vectorial formulation. An essential feature of our analysis is to keep track 
of the geometric structure of (jl.ip . On the other hand, an examination of the 
equations (|2.20p . ()2.2ip and (|2.22p . associated with the Frenet basis of SQ, reveals 
the structure of a quasilinear Schrodinger system. To overcome a potential loss of 
derivatives in the analysis of the system, we rewrite the linear system in a vectorial 
form. Let w be the vector of coordinates in the Frenet basis: 

a 

w = /3 (2.23) 

7 

and ez denote 

■ 
. 
1 

The system of equations for q;,/3,7 can be then equivalently expressed in the form 
with 



A. 
A 









J 


EIw + A</> 


A. 
A 










J=(e^ + w)A, \e, + w\^ = l, 



(2.24) 
(2.25) 
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Ha -dyl 
Mw= + 2(1 + Z) 

-A7 

A direct computation shows that the vectorial Hamiltonian 
adjoint: 







(2.26) 



is (formally) self- 



We also define the vectorial operators A and A*: 

Aa 

Aw= A/3 , 




A*w 



A* a 
A*p 




(2.27) 
(2.28) 



3. Construction of the approximate profile 



The aim of this section is to construct an approximate solution with a controllable 
growth in y variable to the modulated nonlinear equation (|2.24p . This construction 
depends on an assumed dynamics of the modulation parameters (0(s),A(s)). In 
turn, the above dynamics depends on the interaction between the approximate 
profile, with the first term given by SQ, and the remaining radiation part of the 
solution. We complement (0, A) by two additional modulation parameters a and b 
and assume that to a leading order: 

-y = 6, -G, = a, bs = -ib^ + a^), a, = 0. (3.1) 
This choice will be justified in our final analysis. 



Proposition 3.1 (Construction of the approximate profile). Let M > be a large 
universal constant, then there exists a small enough universal constant b* = b* (M) > 



such that the following holds. Let < b < b* , \a\ < 
p.l2p . then there exist profiles Tij such that 



with 



"0 



Wo 



aTi ,0 + b^Too + a^Ta n 



70 



and Bq,Bi be given by 



(3.2) 



70 



/3o = 
6^50 2 with Sq: 



6ro,i + a6Ti,i + 6^ro,3, 

l„o 



'0,1 



(3.3) 
(3.4) 



is an approximate solution of ()2.24p (in the regime (j3.ip ) in the sense that the error 



(1) 











a 




bAwQ + ZRwq — {cz + Wo) A 


Hwo - A(/) 


b 


(3.5) 












+ 



26(52 + a2)ro,2 

(62 + a2)To,i + a(62 + a'')Ti^ 

26(62 ^ ^2)5^^2 
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satisfies the bounds: 

(i) Weighted norm estimates: 



+ / 6^2. 0<^<3, 3.6 



< 



<<2Bi 

(i') Localized estimates: 



y<2B, y'~'' ~|log6|2^ 



< i < 4, (3.7) 



JBi<v<2Bi JBi<y<2Bi \^Ogb\ 



Ib, 



\dl^\^"\'<TT^{bBt'log'B,f, 0<^<4. (3.9) 



,(3)|2 < P ^i,p3-ii„„2D a2 

(a) H^, estimates: 



[ m^^'>\' + \H^^^'>f<b'\logbf, (3.10) 
' +/ ^.2J ^ MTTm ^ < . < 1. (3.11) 



^^^^^ /■ \&j^ir^^^ 

y<2B, 2/2-2^ A<2Bi ^llogfeP 

(^iiij Sharp estimate: 

[ \H'^o^\"^jAj2^ ^ = 1'2. (3.12) 

(iv) Flux computation.' Lei be given by 

= XM^(p - cmH{xmJ^4>) 

with 



(xmA0,Ti,o) ^ M2 
(//(XAfA<A),ri,o) 4 

see (j4.ip . i/ien.' 



CM = TWr. A j.\ rr V = ^X^r\^ + CAf->+oo(l)j, 



+ 0^^ , (3.13) 



(A</.,$m) |log6| ^"^Vllog&P 



(A</.,cDm) |log6| V|log6|^ 

Remark 3.2. The flux computations (|3.13p . (|3.14p will be central in the derivation 
of the correction to the approximate system of modulation equations (|3.ip . The 
improved behavior, relative to the powers of b, in (|3.7p . (j3.12p will be fundamental 
for the bounds on the remaining radiative part of the solution. 

Remark 3.3. We also record the important behavior of the constructed profiles Tij 
for small and large values of y: for y < 1, 

To,i = Ti,o = 0(2/3), ro,2 = T2,o = To,3 = 0(2/^), 

and for y > 1: 

ro,i = ri,„ = Ofelog!,), r„,2 = o(jp^Y T2.o = 0{y\[ogyf), (3A5) 
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The above relations also hold for the derivatives with the usual convention that each 
derivative reduces one power of y. 

Proof of Proposition 13.11 

We compute the coordinate components of the error from ()3.3p . (|3.4p . (|3.5p . 
and obtain after cohecting the terms with the hke powers of a, b: 

^^^^ =b{Hn,i-A<P} (3.17) 
+ b^ |/7ro,3 - ^^^^y^To,2To,i + To,iASo,2 - 2(1 + Z)To,idyTo,2 + So,2/^To,i 
- Aro,2 - SczAc/- + 2ro,2} 

+ ab !^HTi^i - ^^i^^^Ti^oTo,! - 2(1 + Z)To,idyTo,i - ATq,! - ZTdj 

+ ab^ {ri,iA5o,2 - 2(1 + Z)Ti^idyTo,2 - ZTo,z - 2(1 + Z)n^:,dyTifl + So,2HTi,i 
2Z{l + Z) 



y 



"(2^1,0?0,3 + ^0,2^1,1' 



+ |_^^iLi^Ti,oTi,i - 2(1 + Z)ri,i9^Ti,o - ZTi,i 
- Ar2,o - ^^^^^^T2,oro,i - 2(1 + Z)To,idyT2,o + 2To,2 



+ a% 
+ b^ 



2Z{1 + Z) 



2Z{1 + Z) 



y 



T2,oTi,i - 2(1 + Z)Ti,i9^r2,o| 
To,2To,3 + To,3(A5o,2 - 2(1 + Z)dyTo,2) + So,2HTo,3^ 



+ !^-^^il±^T2,on,o - 2(1 + ^)ro,35,T2,o} 



^^Q^ =a{-HTi,o + A4>} (3.18) 
+ 52 {-HTo,2 + 2(1 + Z)dySo,2 - ATo,! + ro,i} 

+ b^ |-ro,2A5o,2 + ^^^^Y^Tl^ + 2(1 + Z)To,2dyTo^2 - ^0,2^^0,2 
+ 2(1 + Z)So,2dySo,2 - Aro,3} 

+ {-HT2,o + ^^(1 + ^) ^2^ + 2(1 + Z)Ti^odyTi,o + ZTi^o + To,i 



y 

+ ab^ |l^ii±^Ti,oro,2 - Ti,oA5o,2 + 2(1 + Z){Ti^odyTo,2 + To,2dyTi^o + Ti.i) 
- So,2HTifl - ATi,! + Zro,2 + 5o,2A0} 



+ «^ {^^^^^^^2,oTi,o + 2(1 + Z){dyT2,oTi^o + T2,odyTi^o) + ZT2,o + Ti^i 
+ aH^ |-So,2/^T2,o + 4^(1^+^) 21)^^22,0 - r2,oA5o,2 + 2(1 + Z){dyTo,2T2,o + ro,2a^r2,o)| 

+ a^|^^^^^r|,o + 2(i + z)r2,o5,r2,o}, 
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= ab{-T,,o{HToA - H) + To,i(HTi,o - (3.19) 
+ 6^ {_To,2(i/ro,i - A0) + ro,iOTo,2 - 2(1 + Z)To,idySo^2 - A5o,2 + 25o,2} 
+ aHi-Ti^^HTij + n^HTi^o - H) - T2flHT^,i + TojifTs.o + 2^0,2} 
+ afe3 {-Ti^oHTo:, + ToAHTi^o - A</.) - 2(1 + Z)ri,ia^5o,2} 
+ a36{-r2,oi^Ti,i + ri,ii/T2,o} 

+ {-To,2i^To,3 + To,3i?To,2 - 2(1 + Z)ro,3aj;5o,2} 

+ a263{-r2,oi^To,3 + To,3i/r2,o} (3.20) 
Step 1 Construction of Ti^o^^b,!- 

We start by computing the Green's functions of the Hamiltonian H. We have 
H{A(p) = and 

H(T) =0 for y>0 

with: 

v( ^ r f l + 2x2 + x^ 



which yields 

0(i) as 9^0, 



The functions A(^ and F allow us to find a regular solution / of an inhomogeneous 
equation 

Hf = 9 

in the form 

ry rv 
f{y) = A(j){y) / g{x)r{x)xdx - T{y) / g{x)A(l){x)xdx 
Jo Jo 

modulo a multiple of the (regular) element of the kernel oi H - the function A^. 
We let Ti^o = To,i = Ti{y) be the solution to 

HTi = A(f) (3.22) 

given by: 

ry ry 
Ti{y) = A(f){y) / T{x)A(f>{x)xdx - T{y) / {A(l))'^xdx (3.23) 
Jo Jo 

_ (1 - y^)log(l + y') + 2/ -y'- Ay^ '^^Sil±^ds 

2y{l + y') ■ ^^-'^^ 

We easily see that for y — >■ +00 

Ti{y) = -ylogy + y + ( ^^^] , AT,{y) = -ylogy + O ( ^^^] , (3.25) 



and at the origin 
Rescaling the equation for Ti we also observe that 



T,iy) = \y^ + Oiy'). (3.26) 



.2. ^v. 



H{ATi) = 2A(P + A^4>-—^Ti. (3.27) 



Step 2 Construction of the radiation S5. 



18 F. MERLE, P. RAPHAEL, AND L RODNIANSKI 

We define to be the solution of the equation 

= CbXB^H + dbH [(1 - X3Bo)M)] , (3.28) 

4 

with 



Cb = -T „ — — , db = Cb / XEQ^^i^)^i^)^d^- (3.29) 

Jo 4 



^, - / 

4 

given by 

ry 

^b{y) = -r(2/) / CbXBi^{^<P{x)fxdx + A((>{y) / CbXBp A((){x)T{x)xdx 
- db{l - X3Bo)^4>{y) 



Observe that 



T,b = CbTi for y (3.30) 

o 

= -4T{y) = -y + O (^-^^ for y>6Bo, (3.31) 
and from (|3.28p and the definition of i?o = : 

We now estimate using (|3.2ip : for 6Bq < y < 2Bi, 

My) = -y + oC-^), (3.33) 



and for y < 6Bq: 

4 



^b{y) = -cb\- + o 



y 

Xb^ (A0(x))^X(ix 

4 



+ CbK(t){y) / 0{x)dx 



+ O ( -r-n —'^B(,<y<GBo 



1 

6y|log6| 

/d' (A(/.(x))2x(ix ^ / 1 + y 



^ / xL {kmyxdx + ^ V iiog6i J ■ ^^'^^^ 

4 

Far out Tib is the leading order radiation term. It is large and dominant near i?o, 
but small, with a jj^j^ gain, on compact sets y < C. 

Step 3 Construction of Tq^2- 

Define 

So,2 = 2(1 + Z)aj,5o,2 - ATo,i + To,! + Tb, (3.35) 
then from ([3231), ^M, ^M- for > 6Bo, 

^o,2(.) = O (^) , (3.36) 

and for 1 < y < 6Bq: 



/xso(A0(x))2j;dx I v|iog&|y V y 

4 / 

o(^(l + |log(y^/6)|)). (3.37) 
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Note that the improved behavior of $]o,2(y) for large values of y in (|3.36p . (|3.37p 
relies on the cancellation between the terms S^, ATq^i and Tq^i and thus depends on 
the introduction of the radiation and the presence of the term b^Ti on the RHS 
of (j3.18p . which appeared there as a consequence of the approximate modulation 
dynamics equation hg = —b^ in (j2.24p . Higher order derivatives are estimated 
similarily. We now let To^2 be the solution to 

HTq^2 = So,2 (3.38) 

given by 

To,2(y) = H{y) [' ^o,2T{x)xdx - r{y) r So,2(a;)A<^(x)x(ix. (3.39) 
Jo Jo 

We derive from (|3.36p . ()3.37p the bound: 

\n,(y)\<l^^. (3.40) 

Note that we also have the crude bound: 

yy<2B,, |ro,2(y)| < (l + y^^) (3.41) 
and the high order vanishing near the origin: 

\To,2{y)\^y' for y<l. 
Again, rescaling the equation for Tq^2, observe that 

AV 

H{ATo.2) = 2So,2 + ASo,2 - ^7o,2. (3.42) 
Step 4 Construction of Ti i. 

Define 

2Z(1 + Z) 

= ^Tf + 2(1 + Z)To,idyTo,i + ATo,! + ZTq,! - S,, (3.43) 

then from IK23\i . (lOHD . (ICTD : for GBq < y < 2Bi, 

■(logy)2 

y 



Si,i(y) = 

and for 1 < y < 6Bq: 

< ^(l + |log(y^/6)|). (3.44) 
We now let Ti^i be the solution to 

HTi^i = (3.45) 

given by 

rv rv 
Ti^i{y) = A4>{y) T,i^iT{x)xdx - T{y) Si,i(j;)A0(x)xfix. 
Jo Jo 

We derive from (fTiljl . liTMh the bound: Vy < 2Bi, 
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the crude bound 

\Ti,i{y)\<a + y% (3.47) 

and the high order vanishing near the origin 

\Ti,i{y)\<y' for y<l. 
Observe, by construction and rescahng, that 

Ay 

HTi,i = H{ATi^i) = 2Si.i + ASi,i - -^Ti^i. (3.48) 

y 

step 5 Construction of T2fi. 
Define 

= '-^^Tl, + 2(1 + Z)T,,dyT,,o + (1 + Z)T,o = O (^) 
and T2fl be the solution to 

HT2fl = 112,0 

given by 



72,o(y) = A0(y) / T,2fl^{x)xdx -T{y) T.2,o{x)A4>(,x)xdx, 
Jo Jo 

then 

\T2,oiy)\<y' for y<i 

and 

\T2,oiy)\<il + y)\logy\\ 
Step 6 Construction of Tq^s. 



Define 



So,3 = 2^^i-^To,2To,i -To,iA5o,2 + 2(l + Z)To,iaj,ro,2 (3.49) 

+ Aro,2-2ro,2. 
We have from ()3.40p : 

Vy<2i?i, |So,3(y)| < (3.50) 

5|log6| 

the crude bound: 

Vy<2Bi, |So,3(y)| < (1+y'), (3.51) 
and the vanishing at the origin: 

|So,3(y)| for y<l. 

We then let Tq^s be the solution to 

HTo-3 = So,3 (3.52) 

given by 



7b,3(y) = A(/)(y) / So,3r(x)2;(ix - r(y) / So,3(a;)A(/>(x)x(ix 
Jo Jo 

for which we obtain from (|3.50p : 

\/y<2B,, \ToMy)\<l^y ^^-^^^ 
with the crude bound from (j3.5ip : 

|To,3(y)l<(i + y'). (3.54) 
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Observe that for y < 2Bi 

b\To,2\ + 6|ri,i| + 5|T2,o| + b\So,2\ + 6'|To,3| < 
step 7 Estimate on ^'o- 

We compute from (fXT7)l . IKm . (lOHIl . (IXIHI) . (13321) : 

^i') = a6{-Sb} (3.55) 
+ a63{ri,iA5o,2 - 2(1 + Z)Ti,,dyTo,2 - ZTo^^ - 2(1 + Z)To,3dyTi^o + 5o,2Si,i 

— — ^ ^(^'i.o^o.s + ^0,2^1,1)} 

y 

+ |_^^i^d:^Ti,oTi,i - 2(1 + Z)Ti^idyTi^o - ZTi^i - ATo,2 



Z(l + Z) 



y 



r2,oTo,i -2(i + z)ro,iaj,r2,o| 



+ b 



«'^{- ^^^^/^^ ^2,oTi,i - 2(1 + z)ri,ia,r2,o} 

^^^^^^7o,2ro,3 + ro,3(A5o,2 - 2(1 + Z)dyTQ^2) + ^0,2^0,3} 



+ ^2^3 |_^^(^^^j^2,oT3,o - 2(1 + Z)To,39^r2,o| 

^'[,') = &2{_s,} (3.56) 

+ - ro,2A5o,2 + '^^^^y^^ Tl^ + 2(1 + ^)ro,25j,ro,2 

- ^0,2^0,2 + 2(1 + Z)5o,25y5o,2 - ATca} 

+ |l^i^d:^Tiro,2 - Ti,oA5o,2 + 2(1 + Z){TifldyTo,2 + 7o,29^Ti,o) - m,i + ^To,2 



f 4Z(1 + Z) 



72,0^1,0 + 2(1 + Z){dyT2,oTi,o + T2,odyTi^o) + ZTa.oj 



+ 0^62 |-So,2/^r2,o + ^^^^-^To,2T2,o " r2,oA5o,2 + 2(1 + z){dyTo,2T2,o + ro,2a^r2,o)| 

+ a' I ^^^^ + r|,o + 2(1 + Z)T2,odyT2,o} , 

^^^^ = {Ti^b} (3.57) 
+ a26{-Ti,oSi,i - T2,oA0 + To,ii;2,o} 
+ ab^ {-Ti,oSo,3 - 2(1 + Z)Ti,idySo,2} 
+ a36{-r2,oSi,i+Ti,iS2,o} 

+ 6^ {-ro,2So,3 + To,3So,2 - 2(1 + Z)To,3dySo,2} 

+ a'b^{-T2 ,0^0,3 + ^0,3^2,0} 
We estimate the error pointwise using the assumption 

b 
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and the bounds on Tij. We first observe the high order cancellation near the origin: 

, c.<...3| + |*?> . pI^/I + < for . < 1 

for some universal constants Ci,C2- We next estimate for y < 2Bi: 

^S,'^ = ab{-^b} + JT^O {yly<Bo + iby^)ylBo<y<2Br) , (3.58) 



|log6|^ 
\\ogb\ ' 
|Iog6|' 



^i'^ = 6^ {_S,} + -^O {yly<Bo + (6?/')ylBo<y<2Bx) , (3.59) 



*o'^ = [(fey2)|logypl,<2Bj . (3.60) 



This yields the bound: 



y<2Bi Jy<2Bi b'^Jy<2Bi ~|log6|2' 

Estimates for higher order derivatives and localized bounds are obtained similarily 
and (ESI), M, M follow. 



step 8 Estimate on H^q. 

We now aim at deriving ii 
of Tij results in the following cancellations for y < 2Bi : 



(i) 

We now aim at deriving improved estimates for , i = 1,2. The construction 



H (^-J,')) = -ab {cbXi^AcP - d^H [(1 - XzB,)H)]} + ab^ {^0,3} + a^bjEi,!} 
+ ab'^H{Ti^iASo,2 - 2(1 + Z)Ti,idyTo,2 - (1 + Z)To,3 - 2(1 + Z)To,^dyTifl + 5o,2Si,i 

- ^^^^^(Ti,oro,3 + ro,2ri,i)} (3.61) 

y 

+ a2^// |_^^iLi^Ti,ori,i - 2(1 + Z)TifldyTi^o - (1 + Z)Ti^i - ATo,2 

- 2^^i-^T2,oTo,i-2(l + Z)ro,iayT2,o| 

+ flS^i/ |_^^ii±^T2,ori,i - 2(1 + Z)ri,i5j,T2,o| 

2Z(1 + ^ ro,3(A5o,2 - 2(1 + Z)dyTo^2) + ^0,2^0,3} 



+ b^'H 



y 



+ a^ft^i? |-^^i^-t^r2,oT3,o - 2(1 + Z)To^3dyT2,o 

= -ab^CbXB^M-dbH[{l-X3BQ)A(p)]^ 

+ aHO (l + y)l^<6Bo + ^|^ +a63o(li-|| +(l + 2/)|logy|2) 

+ a3^Q f^}o^^ ^ ^^5o ^ y^)\logy\^] + aH^O ((1 + y)\\ogy\') ^ 
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H (^>f) = [-CXB^H + d,H [(1 - x^B,)H)]} (3.62) 
- b^H{ATo,3) - ab" {HKTi^i - ^0,2} 

+ |-To,2A5o,2 + 2(1 + Z)To,2dyn,2 + ^^^^^^^2 " '5o,2So,2 + 2(1 + Z)So^2dySo,2^ 
,2^ ^^^^i-t^Tiro,2 - Ti,oA5o,2 + 2(1 + Z){TifldyTo,2+To,2dyTi^o) + (1 + Z)Tq,2^ 



1- 

[ 4Z(1 + Z) 



+ 0252/7 <; -S'o,2S2,0 + 



T2,oTi,o + 2(1 + Z){dyT2,oTi,o + T2,odyTi^o) + ZT2,o| 
4Z(1 + Z), 



-7o,2T2,o - T2,oA5o,2 + 2(1 + Z){dyTo,2T2,o + To,2dyT2,o) 



r2Z(l + Z)^2 



Tlo + 2{l + Z)T2,odyT2,oY 



{-ChXB^AcP + [(1 - X3i?o)A<A)]} + a'O (y^) 



6^ {/f(Aro,3) + O [(1 + y)|logy|2] } + ab^O 



I logy P 
1 + y 



I logy I' 

y 



{l + y)ly<GBo + -J 



I logy I' 



+ y 



1 + r 



In particular, using ()3.53p . we obtain the bounds: 
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Jy<2Bi llog^r 



[|log6| + (6i?2)2] < b^\logb\^ 



(2) ,2 
^ < 



|log6p 



/y<2Bi 

and ([3J0]) . (|3TT]) are proved. 

We now turn to the flux computation ([XT3|) . (fXTil) . From ([322]), (|43]) : 



(A(/>,$m) 



and similarily from ()3.6ip : 
(ff(^y)),cI>M) 

(A(A, $m) 



1 



(A(/), $A/) 



-62c,xso A./>, $M ) + O {C{M)b^) 



-Cbb^ + O (C7(M)62) 



2fe2 



+ 



62 



|log6p 



1 



(Ac/), ^m) 
2ab 



6cfeXsaA(/.,$M +0{C{M)b^) 



\\ogb\ 



+ 



|log6p 



step 9 H'^ estimates. 
We estimate from 



y<2Bi 



|F2^.(1)|2 + 



2,T,(2)|2 



y<2Bi 







< 



66 



|log6|' 



+ 6« 



|^'(Aro,3)|2. 



y<Bi 



24 F. MERLE, P. RAPHAEL, AND L RODNIANSKI 

The estimate p.l2p will follow from the bound 



l^'(Aro,3)P < 



66 



y<Bi 



log6p 



(3.63) 



Proof of (j3.63p : We compute using (|3.54p : 



lf(Aro,3) = 2So,3 + ASo,3 - ^7b,3, 



Ay, 

y2 



H\ATo,^) = H (2So,3 + ASo,3) + 0{-^ 

Furthermore, from (j3.49p : 

F(So,3) = -i/(ro,iA5o,2-2(l + Z)ro,iaj,To,2-ATo,2 + 2ro,2) 

F(Aro,2-2ro,2) + o^^^°^^^' 

- AEo,2 + 0^(^°^^)' 
and thus by rescaling: 

ii'(ASo,3 



2AEo,2 + A%,2 + 0'^^°^^^^ 



y 



Using the bounds p.36p . (|3.37p we conclude that 

6^ / |/?'(Aro,3)P 

Jy<Bi 

[ (l + y^)(l + \log{yVb)\f+ [ 
Jv<6Bn Jg 



~ \logbP 

< 

~ |log6|2 



(logy) 



4n 



6BQ<y<2Bi y 



y< 



(logy) 

2Bi 1 + 



10 



as desired for ()3.63p . 

This concludes the proof of Proposition 13.1 



3.1. Localization of the profile. In this section, we modify the approximate 
profile wq constructed above to obtain a slowly modulated blow up profile localized 
in the zone y < 2Bi. 

Proposition 3.4 (Localized profile). Let a map s — )■ (6(s),a(s)) G M.^ x K 
defined on [0,So] with a priori bounds: Vs G [0, sq], 

62 



a < 



|log6| 

We define the localized profile 



, < 6 < 6*, \as\ < 



|log6| 



6J < 106^ 



(3.64) 



Wo 



ao 

/3o = XBiWo 

70 



defined from the cut-off profiles: 

Tij = XBiTij, Ti = XBiTi, 5o,2 = XBi'S'o,2- 



25 



and the modulation vector: 
Mod{t) := Mod{s, y) = - 



- (6, + b") 




26ro,2 

265o,2 

Ac/) + Ado + 7oA0 

A/3o - (e, + a) 

A70 - OLoKcf) 



(3.65) 

A0 + a^Z + 7oA(;/) 
-/3oA</. 



T/ie profile wq satisfies the equation: 

- 9s Wo + ^ Awo - 0sZi?W - (e^ + Wq) A 

A 



Hwo + A</) 



A, 
A 




Mod{t) + *c 



with the hounds: 



i,T,(l)l2 



,,6-2j 



+ 



|log6|2' 



y 



Q-2i 



< 



\\ogb\ 



r, 0<i<3, 



B^<J^ 0<.<4 

y8-2^ - |log5|2' 



,,2-2i 



+ 



,,2-2i 



< 



|log6| 



< i < 1, 



) 5 '-^ _ 



1 \AH^'i^\^<b^ i = i,2, 



(A(/>, $A/) 

(A(/>, $m) 
Proof of Proposition 13.41 

step 1 Equation for wq. 

We first compute: 

y Awo - QsZRwq - {ez + Wo) A 



66 



|log6|2 
262 



, i = l,2, 
52 



|log6| 
2a6 



+ 



+ 



|log6| v|log6| 



|log6|2 I ' 
52 



3.66) 

3.67) 

3.68) 

3.69) 
3.70) 

3.71) 
3.72) 
3.73) 

3.74) 

3.75) 



Xs. 

X 





Ac/) + Ado + 7oA(A 

A/3o - (9, + a) 

A70 - aoAcp 



= — 6wo + aZRwQ — {cz + wo) A 
-Z/3o 

A0 + Zdo + ToAc/" , 



A(l) 



26 

and 



-5s Wo 
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Ti+b^ + Sb^Us + b'^ + at,, + ab^ 



2bSo,2 + b^^ 



Combining this with (|3.65p we have the exphcit formula (|3.66p for ^q: 

^0 = El + E2 

with 



El = -as 



6fi,i - bs 




" afe db 

6#_ + 362ro,3 + 6=^^+ari,i+a6%i , (3.76) 

l2 '9'S'o,2 



db 







a 




E2 = — ^Awo+a^^WQ— (e2+wo)A 


Hwo - A(p 


b 


+ 












26(62 + a2)rc 



0,2 



step 2 Modulation error term Ei. 
From ^28\i . 



(62 + a2)Ti + a(62 + a2)ri,i . 
26(62 + a2)5o,2 

(3.77) 



dcb 
db 



O 



6|log6p 



db 



O 



6|log6| 



and thus 



db^^^ ~ db^y<^^^[b^y\logb\^^<y<(^Bo 



which yields the bound: 



db 



{y) = o 



y 



Ly<6Bo 



db 

dfi^i 
db 

96 



6|log6| 
ula for 



(3.78) 



We now estimate using the explicit formula for Tjj: 

5^0,2 



O 

o 



1 + r 

6|log6| 
6|log6| 



1 + y 

62|log6| 

1 + ?/^ 
62|log6| 



-i-Bo<j/<Bi ; ) 
1Bo<S/<Bi 



ar2,o „ ^ (l+j/)|logy|% 

- ^ \ 1 ^Bo<y<2Bo j , 

9^0,2 



db 



'y2^ogy|2 

U I lBi<y<2Bi ■ 



We therefore obtain 



|E«| + |Ef)|<62 



O 



i + y . 

|log6| ■ 



Ly<2Bi 



_6y3^ 
|log6| 



LBo<y<2Bi 



' + / ^«^<n-^, 0<z<3, 
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|Ef^|<O(6V|logyplB,<,<2B0 

which gives the bounds 

y6-2i +y y6-2» ~ |log5|2 

\3^<JL_ o<.<4 

y8-2i - |log5|2' 

These estimates show that Ei is neghgible for y < M in the flux computation ()3.74p . 
(I3T5D . 

We now seek additional cancellations for H^^i. We have: 



By construction, 

1 



and thus 



1^ A)lbg6|2j+^U(lTy)]bg6j^ 
Similarily, 

^ 56 ^ '^VKi + y)|iog6|2y'^ V^(i + y)|iog6|y Vy'&'|iog6| ^^^^^'^^ 

Finally, 



H (^) = XB.H l^-^ J + O ^p^^lB.<.<2B, 



and 

We then obtain 



Using the bound: 

\H\f2,o)\ + \HHfi,i)\ < (1 + y)|iog6| l^<6i^o + O (^^1b.<,<2B.) 
we derive the pointwise bound: 

|i/2E«| + |F2Ep)|</-0^"^°^^"' 



|iog6| V 1 + y 
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and therefore the desired improvement: 

step 3 Locahzation error E2. 



66 
|log6p ' 



Let E2 be given by ()3.77p . In view of p.Sp . E2 contains aU the error terms 
induced by the locahzation. With the exception of (1 — XBi-^4') ah the locahzation 
error terms are supported in the region [Bi,2Bi]. Using the formulas (|3.17p . (|3.18p . 
the bounds on Tij and (|3.58p . (|3.59p . (|3.6Up we obtain 

E^'^ = XbA'^ - Ml - XB,)A<P + bO (^^ls,<y<2B?j +b^O (^^lB,<y<2B,^ 

1)2 

+ abO {Bi\\ogb\lBi<y<2Bi) + j]^^^ [{by'^)y^Bi<y<2Bi] 

= XbMo^ + O {b^BilB,<y<2B^) + O (^^^^ls,<y<2B,^ + O Ql?^>Bi) > (3-79) 
= XB.^'i^ + a(l - xsJAc/. + aO (^^^l^^^y^^B,^ + b'O {Bi\\ogh\lB,<y<2B:, 

= XbMo^ + O {b^\l0gb\BilB,<y<2B^) + O (^^^lB,<y<2B,^ + O (^ls/>Bi) > (3-80) 
Ef = XB^^r + atO [f^lB.,y,2B.) + ^ ^^^J^^ ^ lB^,y,2B.[ 

+ l^^O{{by^f\logy\HBo<y<2B^). (3.81) 

Higher order derivatives are estimated similarily. We then easily check from there 
that E2 that does not perturb the estimates (|3.68p - (|3.75p . 
Finally, the estimate (|3.72p follows by interpolating between (|3.70p and ()3.73p : 

1 1 



This concludes the proof of Proposition 13.4 



4. The bootstrap regime and Lyapunov control 

We derive in this section the dynamical tools at the heart of the description 
of the blow up solutions for initial data close to Qbo,ao- We in particular set up 
the bootstrap argument, compute the modulation equations and derive the mized 
Energy /Morawetz functional which is our main tool to measure dispersion. 

4.1. Bootstrap setup and orthogonality conditions. Given a sufficiently large 
constant M > 0, define the function: 

= XmA4> - cmH{xmA(I)) (4.1) 

with 

(XMA(/>,ri) M\ 
= mxMA^lT,) = '- — ^^ + -M^+ood)). 
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The choice of the constant cm ensures that 

j \^M? < |logM|, i^M,Ti) = (4.2) 
and that the scalar products 

(A</>,$Af) = iHTi,<^M) = {xmHA4>) = 41ogM(l + OM^+oo(l)) (4.3) 
are non degenerate. We recah the locahzed approximate profile 



Wo 



"0 

/3o , 
70 



dependent on the time-dependent parameters a{t),b{t), given by Proposition [3 
and consider the full modulated profile 

e®^(Q + wo)A, 

determined by the four parameters (A, Q, a, b). By the standard modulation theory, 
following from the application of the implicit function theorem, the invertibility of 
the Jacobian matrix: 

(-A(/.,$A,/) {HA<P,<S>m) 

(A</',$m) (i^A0,^A/) 

(Ti,$m) {HTi,^m) 

(Ti,$Af) {HTi,<!>m) 

at (A,0,a, 6) = (1,0,0,0) ensures that any smooth map close enough to Q in the 
topology admits a unique decomposition 



(A(/., $Af)' ^ 



u = S{Q + v){t,x) 
with V expressed in the Frenet basis associated to SQ in the form 



(4.4) 





a 




do 




V = W + Wq, W = 




Wo = 




(4.5) 




7 




70 





and where he coordinate functions (a, (3) are chosen to satisfy the orthogonality 
conditions: 

(a, ^m) = W, <^m) = 0, (Ha, $a/) = {H^, <^m) = 0. (4.6) 
Remark 4.1. The non- degeneracy of the above Jacobian also implies that any map 

u = S{Q + \vq + w) 

with S and w"o defined by the parameters (A, Q, a, b) close to the point (1, 0, 0, 0) and 
w such that w is small in the topology and ||w||j:^i^^^2m) — C{M)b^^ admits a 
new decomposition 

n = 5«(Q + w«+wW) 

defined by the parameters {X^^\ Q^^\ a^^\b^^^) with w^^^ satisfying the orthogonality 
conditions ()4.6p . The map (A,0,a,6) — t- {X^^\Q^^\a^^\b^^^) is a diffeomorphism 
of the form 

(A(i),GW,a(i),6(i)) = {X,e,a,b) + ^{X,@,a,b) 
with the property that ||^'(A, 0, a, 6)||(7i < C{M)b^^. In particular, if we allow the 
parameter a to vary in the range \a\ < 2\\ogb\ ^^^'^ range of values of the adjusted 
parameter a^^^ will contain at least the interval 



4|loKfe| ' 4\km 
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Let 



W" 



a 




We now introduce the Sobolev norms adapted to the hnear operator 



El 



|A*Aw- 



^4 



|(A*A)V 



(4.7) 



Here, 



see ^rm . (I2:28]l . 



A*Aw^ 



Ha 
H/3 




We make the fohowing assumptions on the initial data: 
• Control of a(0),6(0): 

6(0) 



< 6(0) < b*{M) < 1, |a(0)| < 



4|log6(0)| 

Moreover, we may up to a fixed rescaling on data assume: 

A(0) = 1. 

Energy control of w(0): 



(4.8) 



iVw 



+ 



/ 


w(0) 


2 

< 




y 





< S{b*) < 1, 



(4.9) 
(4.10) 



|£:2(0)| + |£:4(0)| < 6(0)1°, 

where here and in the sequel, (5(6*) denotes some generic constant with 

6{b*) ^0 as 6* ^ 0. (4.11) 

The propagation of regularity by the equivariant Schrodinger map flow ensures 
that these bounds are propagated on some small time interval [0,ti). Given a large 
enough universal constant K > 0, independent of M, we assume the following 
bounds: Vt G [0, ti], 

• Pointwise control of a, 6: 

b{t) . 



< 6(t) < Kb*{M), \a{t)\ < 



|log6(t)| 



Energy control of w(t): 

I |Vw(t)|2 + I 



f 


w(t) 




y 



< K6{b* 

y 

\£2it)\ < KbHmogb{t)\'' , 



(4.12) 

(4.13) 

(4.14) 
(4.15) 



|log6(t)|2- 

At the heart of our analysis is the statement that these bounds are propagated 
all the way to blow up time, or equivalently: 



31 



Proposition 4.2 (Trapped regime). Assume that K has been chosen large enough, 
independent of M . Then we can find 



a(0) = a{b{0),w{0)) G 



6(0) 



a(0) 



4|log6(0)|'4|log6(0)| 
such that the corresponding solution to (jl.ip satisfies: Vi G [0, ii), 
• Pointwise control of a by b: 



0<6(t)<^6*(M), \ait)\< 



bit) 



Energy control o/w(t); 



Slit) 



|Vw(t)|^ 



w(t) 



2|log&(t)|' 



K 



l^2(t)| < -b\t)\logbit)\\ 

and for some universal constant rj > 0, independent of M , 
\8,{t)\<{l-^)K- 



(4.16) 

(4.17) 
(4.18) 

(4.19) 



|log6(t)|2- 

Remark 4.3. All along the proof of Proposition \4-^ we implicitely assume that 
M is some large enough parameter, and then this fixes the smallness of initial data 
through the constant b* = b*{M) in (14. Sp . and the smallness of 5{b*) constants (|4.1ip 
which will appear all along the file. In particular, for a given generic constant C{M), 
we can always assume 

C{M)5{b*) <5{b*) ^0 as b* = b*{M) ^0. 

The rest of this section is devoted to the derivation of the Lyapunov type func- 
tional for w, which in section [5TT] will be shown to lead to the proof of Proposition 
K2[ 



4.2. Vectorial equation in the Frenet basis. We now consider the decomposi- 
tion ([Oil . ()43]) and recah from (|2.23p the notation 



w = Wq + w 



and the normalization 

We introduce the two matrices: 



1. 



= e^A, J = (e^ w) A . 
We write the equation for w in the Frenet basis using (|2.24p . (|3.66p : 



(4.20) 
(4.21) 



dsW-^Aw + esZRw 
A 



- JHw-w A 



Hwo + A(f) 



X 





-hMod(t)-h*o- (4.22) 



Let 



-Q.ZRw - w A 



Hwo + Acj) 



Xs. 

X 





+ Mod(t) + *c 



(4.23) 
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which we rewrite in a more exphcit form: 

f = -QsZRw+Mod{t)+4fo-wA 



(G,A(/. + aHTi) + ¥HTo,2 + a'HT2,o - 2(1 + Z)dyjo 

(4.24) 



A7o-2(l + Z)(a^ + f)do 



For the renormahzed vector 

W(t,r) = w(s,y), 
we equivalently obtain the system in the original variables {t,r): 

1 



5tW = - JaMaW + F, F = ^ix 



with 



Jx = {ez + W)A, MaW 



-A7A 



2(1 + Zx) 
A 



-drlX 



drax + ^ax 



The rescaled operators are given by: 



Ax = -dr + ^, Al = dr + ^-^, Zx{r) = z(^), 
r r V A/ 

Hx = AlAx = -A + ^, Vx{r) = V [j) . 



(4.25) 
(4.26) 



4.3. Computation of the modulation equations. In this section we derive the 
modulation equations for (A, Q, a, h) with the error terms controlled in terms of the 
appropriate powers of the parameter b and the energy £^4. 

Lemma 4.4 (Modulation equations). There holds the following bounds on the mod- 
ulation parameters: 



|e, + a| + |^ + 6| <0(C7(M)63) 



bs + b'{l + 



|log6| 



2a6 , ^ 1 
+ a, + -I < 



|log6| ' ^ 



\ogb\ 



(4.27) 



(4.28) 



Remark 4.5. The ^^ogM ■^^'^^^^^ss gain in ()4.28p will be crucial for the rest of the 
analysis. 

Proof of Lemma 14.41 



step 1 Equations for a, 6. 



Let 

U{t) = \b, + b^\ + \^ + b\ + \Qs + a| + |a,|. (4.29) 
A 

We project (|4.22p onto the first two coordinates, commute the resulting system 
with H and then take the Lp' scalar product of each equation with ^m- The linear 
terms ds{Ha,^M) and ds{H (3,^m) vanish thanks to the choice of orthogonality 
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conditions (j4.6p . Next, we observe from (j3.65p that on the support of ^m, i-e-, for 
y < 2M: 



Mod(s,y) 



Ti 











A. 



- (e, + a) 







A(j) 




0{C{M)b\um- 



All nonlinear terms in (|4.22p are estimated by brute force in the zone y < 2M using 
the bounds of Appendix B, and we obtain the system: 



(4.30) 



C{M)bO + 



62 



|log6| 



+ \Uit)\], 



-{H'a,^M)-{bs+l^'){HTi,<^M)+{H^o\^M) = C{M)bO ( + 



|log6| 



\U{t)\ 



We now observe from ()4.2p : 

Kil^a, ^m)\ + |^'/3, ^m)| < [\\H''a\\L2 + WH^I^WlA < V^^SlogM 



from the definition of 1S4. The flux computation (j3.74p . (|3.75p and the growth (|4.3 
now imply 



a. + 



2ab 



|log6| 



+ 



6, + 62 + 



262 



|log6| 



<o 



|log6||Vlop7 



+ Vb\u{t)\ 



(4.31) 



for |6| < 6*(M) small enough. 

step 2 Control of the parameters A, 0. 

We project (j4.22p onto the first two coordinates and take the L'^ scalar product 
of each equation with ^m- The linear terms ds{a,^M), ds{/3,^M), iHa,^M) and 
{HI3,^m) vanish thanks to the choice of the orthogonality conditions (j4.6p . The 
cancellation ($j\,/,Ti) = of ()4.2p also eliminates the contribution of the leading 
order terms involving as,bs + 62. Treating the nonlinear terms, crudely, by the 
estimates of Appendix B, we obtain 



(A<A,$ 



M) 



+ CiM)b0(^^/£'i + \U{t)\ 
We now compute from ()3.55p . ()3.56p and ()3.30p for i = 1,2: 



(4.32) 



< 62 |(Sfe,<I>M)| + 0(C(M)63) = cbb^ \{Ti,^M)\+OiCiM)b^ 
= 0{C{M)b^). 



Injecting this into ()432|) yields together with the estimates (g^Z]), (|08]) . 

This concludes the proof of Lemma 14.41 
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4.4. Mixed Energy/Morawetz Lyapounov functional. We now turn to the 
heart of the proof which is tlie bootstrap control of the £4 norm 



This will be done through the derivation of a suitable mixed energy/Morawetz 
identity. 

Proposition 4.6 (Mixed energy/Morawetz estimate). We have the following dif- 
ferential inequality 

£4(1 - S{b*)) + O ^ 



d_ r j_ 

1 A6 



log62 



(4.33) 



b 

^ IP 



2 ( 1 - do + ^== ]£i + 



^/\ogM J Vllog&P 
with constants independent of M and 

0<do<l. (4.34) 

Proof of Proposition 14.61 

step 1 Vectorial formulation and adapted derivatives. 

Recall the notations (|4.2ip . We begin by introducing the suitable second deriva- 
tive of W: 

W2 := JaMaW. 

The W equation: 

dtW = -W2 + F 

yields the equation for W2: 

dtW2 = - JaHaWs + [dt, JxMx]W + JaMaF. 
We then decompose 

W = W-^ + VF^e^, W^ = -RIw, VF'^ = W-e^. 
We note the following formulas used extensively below: 

AR^ = R^A, A*i?^ = i?^A*, RMRz = RzA*AR^. 
We now rewrite 

[dt, JaHa]W = dtW A MaW + W a [dt,mx]W + R,[dt,Mx]W (4.35) 

so that 

dtW2 = -JaHaW2 + R,[dt,Mx]W + Qi + JaMaF (4.36) 

with 

= dtW A MaW + W a [dt, Ma] W. 
step 2 Energy identity for W2. 

We now proceed to the derivation of a (second derivative) energy identity on the 
W2 equation. As was mentioned earlier, the quasilinear nature of the system of 
equations for W can lead to a potential loss of derivatives in energy estimates. To 
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avoid this loss we have aheady introduced a nonhnear quantity W2 and wih now 
control the time derivative of a nonlinear second derivative of W2. We compute 



+ 



JaMaWs • 
W A ]HaW2 • 



JaMaWs 



JaMaJaIHaW2 



+ / JaMaWs • (J 



A-iniAj 



[dt, JaMaIWs + JaMa {R.[dt, mx]w + Qi} 
JaMa JaHaWs] + j JaHaW2 • ( JaHa)2f 
+ / RMx^2 • JaHa]W2 + JaMa {R,[dt,Mx]W} 

+ J W A HaW2 • [[a*, JaE[a]W2 + JaMa iR,[dt,mx]W 

Let us introduce the decomposition of W2: 

W2 = + W^, = RzMxW^ 
We have the following identities: 



+ / JaMaW2 • JaHaQi 



(4.37) 



R,[dt,Mx]W 



dtVx 



R.W 



X^dtZx-XXt{l + Zx) 



A3 



R-Adt,nx]W'e, 



\^dtZx-\\t{l + Zx) 



A3 



We rewrite 



dtVx 



1 /A 



A2 V A 



+ h]{KV)x + ^{hV)x 



and use the expansion ()4.35p to obtain the energy identity: 



2di 



\JxMxW2 



JaMaW2 



JaMaJaIHaW2 



+ / JaMaWs • (JxMxfF 



+ 



R.MxW^^ 



+ Q2+ I JaIHaW2 • JaHaQi 
with 



Q2 



i?,MAW^ 



A. 
A 



+ 
+ 
+ 
+ 



RMx{Wl) • [R,[dt,Mx]W2 + RMx [R.[dt,Mx]W 
RMx^2 • [RAdt,^x]{^l) + RzMx{RM,^x]{^"e,))] 



+ b 



(AV) 



RzW 



(4.39) 



RMxW2 
W A Ma W2 



dtW A HaW2 + W a [9,, Ha] W2 + W a MxiRz[dt,Mx]W] 
[dt, JaMa]W2 + JaMa {R,[dt,Mx]W} 



step 3 Morawetz correction for the remaining quadratic interactions. 

The second line of the energy identity (|4.38p still contains unsigned quadratic 
terms. To remove them we add another identity reminiscent, in spirit, to the 
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Morawetz identity for the Schrodinger equation. 
Let 



I 





Note that 

Rz 

We compute from W-'- = — ii^W: 

dtW-^ = -Rl{-W2 + F) = -W^ + Rlwl + 

5iW0 = -RMxW^2 + Q3 + Rz^xF^ 

with 

Qs = [dt,RzMx]W^ + RzMxiRlwl). 
We then proceed with the following Morawetz type computation: 



+ 

+ Q4 



( bjAVx) 

/ &(AyA 
V AV2 



RzdtW' 



■RzW 



•W3 

W3 



with 
Q4 



d /6(AZ) 



+ 



2— 

dt 



We now inject (|4.42p and compute the leading order quadratic terms: 



/ 



^(-^.IHIaWO)+Aa^ 

H^Z)x 
A2r 



^* W3 • ws - y" ^^^i?,w^ • RMx^'2, 



and 



/ (^W«) - 



i?,AA(-i?.HAWO) 



I A2r2 



Ha 



A2r 
fc(AZ). 

( bjAVx) 
I A2r2 ^ 



RzW 



( bjAVx 
V A2r2 



RiMxW^ 







(4.40) 



(4.41) 
(4.42) 

(4.43) 



R,W^ ■ RlMxWl 



• W3 

(4.44) 



Here we used the algebra associated with the function Z: 
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-2 (A^Z - AZ + kZ{\ + 2Z)) 
^^[A^Z + 2ZAZ]=^, 



which imphes that for any function /: 



^ fAZ\ , 1 + 2ZAZ^ 
-Ax / + / 

\ y J y y 



y y 

-^Af^^J. 

y 



AZ\ 1 + 2ZAZ 

y ) y y . 



Similarily, the algebra 



AZ = Z2-1<0, --A^Z + ZAZ = 



implies, after an integration by parts: 



|W3| 



We therefore obtain the Morawetz type formula: 



-dy{AZ) + (1 + Z)AZ 



< 0. 



(4.45) 



di 



/6(A14) 



W2" + AA(:i^i?.W 



AV 

I roKAz)A 



Wa 



V AV^ 



+ 

+ 



Wa 



7 



|W3p6(AZ); 

j,2 ^2y, 



+ 



/ 



+ Q4 + Qs 
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+ 



• w, 



(4.46) 



(Km 



\ X^r 



+ 



/W3 



step 4 Mixed energy/Morawetz Lyapunov functional. 

We combine the energy identity and the Morawetz identity and obtain 



2dt \J 



|JaMaW2 



( bjAVx) 



RzW 



JaMaWs 



JaMaJaHaWs 



+ 4 



AV 



(4.47) 



+ Q2 + / JaHaW2 • JaHaQi + Q4 + Qs 

KAFa^ 



+ 



+ 



JaMaWs • ( JaHa)'F + 
b{AZ)x 



RzMxF- 



Xh 



W3-2i?.Al(^wO 



Ma 



( bjAVx) 
V A2r2 



R.W 



By ()4.45p . the leading order quadratic term has the right sign from ()4.45p . After 
dealing with the quasilinear term 



JaMaW2 



JaIHaJaHaW2 



we will aim at estimating all the remaining terms in the RHS of (|4.47p . In the 
process we will make an intensive implicit use of the interpolation estimates of Ap- 
pendix B. 

step 5 Quasilinear term. 

The mixed energy/Morawetz identity (|4.47p is compatible with the quasilinear 
structure of the problem thanks to the following: 

Lemma 4.7 (Gain of two derivatives). There exists a universal constant 

< di < 1 (4.48) 
such that for any vector T with radial coordinates in the Frenet basis, there holds: 

mv ■ jm{jmT) < 6 (i - di)\\mT\\l2 + 5{b*)\\mT\\l2 (4.49) 

Lemma [4. 71 is crucial. Its proof is mostly algebraic and is detailed in Appendix C. 



We now apply Lemma 14.71 with T = W2. Observe from (|6.75p . ()6.82p that 



|JHw2||i2 =£4 + 6{b*) {£4 + 



|log6p 



(4.50) 
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and we thus, after rescaling, get the bound: 

b 



< 



AS 



[l-do)£^ + 6{b*] 



\logb\' 



(4.51) 



for some universal constant < do < 1. 

step 6 Control of the Lyapunov functional. 
We estimate the Lyapunov functional 



IJaMaWsI 



w 



appearing on the left hand side in ()4.47p . From (|4.50p : 



\J 



Ximx vv 2 



Wor = — 



£A + 6{b*){£4 + 



Next, 



< A 



< jE\^ogb\ 



|A*W3|2 + 

£4 + 



( KAVx 
V A2r2 



|W3| 



C 



y2(l + |logy|2 
b^ 



logb\' 



~ A6 



£4 + 



liog^h 
•W3 

l+_|logy|2 
64 



|log6|^ 



where we used the logarithmic lossy bounds (|6.46p . 
step 7 Treatment of lower order Q terms. 
To treat these terms, we will systematically use the bound: 

We first estimate from the W equation: 

\\dtW\\l^ < llWallioo + llFllioc < llWslli^ + A||f||2^ 

We estimate from the estimates of Appendix B: 

1 



W\l^<^b^\logbf, 



and from (|4.24p : 



lfl|2 < 



|w|iicx> 



ej2 + 



log6p 



+ 



< 



log5|2 ~ |logi 



Therefore, 



w 



(4.52) 



We now estimate one by one all terms appearing in ()4.39p with the help of the 
bounds in Appendix B and ()4.52p : 



A'|Q2| < 



A. 



+ b 



b^'llogbf + b5ib*)[£4 + 



|log6|2 ' - 



b5{b*){£4 + 



|log6p 
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Similarily, from (I4.44p and \bs\ < 6^: 



A'|Q4| < {\bs\ + b^)b^\logbf + b6{b*) [£4 + 
and from (14.46^ : 

A'lQsl <&5(6*) (^4 + 
step 8 F terms. 

We rewrite the last line of (|4.47p as follows: 



log6p 
b^ 



b6{b*){£4 + 



\logb\' 



|log6p 



Ha 



( bjAVx) 



b{AZ) 



A, 



W.s - 2 / AxRMxF^ ■ R 



b{AZ) 



AxR.nxF^ ■ Aa 



The F contribution to (I4.47P is estimated by Cauchy-Schwarz : 



+ 



< 



JaIHIaW2 • ( JaIHIa)'F + 
b{AZ)x 



bjAVx) 



Ma 



( bjAVx 
V A2r2 



■R.W 



AS 



\{jmf{\^ + 

1 + |logy|2 



+ 



1 + 2/4 I ^ I _ 



1 + 2/2 

where the terms involving W3 do not require a C{M) constant thanks to the coer- 
civity of the operator A*, combined with the two dimensional Hardy inequality: 



■w.|li,>/|a„w3P + /i^>/lW + /^ 



W3I 



+ I logy I 



The same applies to the term containing Jx^x'^2, thanks to the estimate (|6.83p of 
Appendix B. 
We now claim: 



r |f^|2 r 1 + 
J T+7^J ~ 



and the improved bound: 



1 



|(JM)2f|2 + 



1 



6{b*] 



+ y 

1 + |log2/|2 



|log6|2 y/\logM\ ' 



(4.53) 



(4.54) 



1 + 2/2 ' ' ~ |log6|2 logM' 

which together with the above chain of estimates concludes the proof of ()4.33p . It 
thus remains to prove ()4.53p . ()4.54p . 
We recall the expression ()4.24p for f: 



f = -e5Zi?w+Mod(t)+*o-wA 



{OsA^ + aHfi) + b'^Hf 0^2 + a^Hf2,o - 2(1 + Z)dy^o 
^A(j) + bHTi) + abHTi 1 + b^HTo 3 



-A7o-2(l + Z)(a^ + f)do 
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step 9 contribution. 

We claim the fundamental estimate: 

|(JEI)2*-i2 



01 ^ 



66 



(4.55) 



The remaining estimates involving in (|4.53p . (j4.54p follow directly from the 
estimates of Proposition 13.41 and are left to the reader. In particular, we note that 
the second part of (I4.54p follows immediately from (|3.72p . 
Proof of (fi35]) : We decompose J]H*o = Ci + C2 with 



C2 = wAEI*o 
Therefore, 



/3(-A§(^) + 2(1 + Z){dy + f - Tif^-f ^ 



ai-A^P + 2il + Z){dy + f)^\;>) 



aif^f ^ - f3{H%'> - 2(1 + 



.T,(l) 



,f,(3). 
J 



< 



< 



r2,f,(i)|2 



,(3) 



66 



|log6P' 

From Proposition 13. 4| (I6.56P and ()6.66p : 

66 



|w AMCil 



< 



< 



< 



|w||io 



66 
|log6|2 

66 
|log6|2 



|log 



+ 



+ 



w 



{1 + Z)(dy + ^] H^^^^ 



w 


' J 


1 + 2/2 





z 



(2) 



The C2 bound 



/ 



|(e,+w) AMC2P < 



66 



|log6P 

can be obtained in a similar fashion. Indeed, we estimate 



/ |(e,+w)AMC2|2 < (1+||w||l-) ( I HCsp + I MCsp) < f ]HIC2p+ f 



We concentrate on the region y > I as estimates for y < I are easier. According 
to Proposition 13. 4| the terms ^'q'^^ and i^^^W i = 1,2 exhibit better behavior 
with respect to 6. Thus we consider a generic contribution to EIC2: 



(2) 



AuH^q'^ + aAH^f'^ + 2dyadyH^f^ 



AaH^>f + aH'^'i^ - 2dyaAH^>f^ + h¥^^{^^ + ^) 



42 F. MERLE, P. RAPHAEL, AND L RODNIANSKI 

Using (I373]l . (ICTD . (I09D . (I636D we obtain 



?/>i 



?/>i 



?/>i V y 



+ 



(2) ,2 



+ 



I~2 lli°°(v>l) 



a 



lL°°(y>l) 



,?,(2)|2 







< 63|iog6|564 + 5{h*)^^ + 63|log6|564 < 5(6*) 



|log 



8 1,5 



|log6|2- 

\\oghr 



It remains to estimate 

j \dyaAH¥i\^<\\dya\\l^ 
where we used (|3.72p and (j6.55p . 
step 10 Mod(t) contribution. 



We recall the definitions of U{t) and Mod(t) given in (|4.29p be given by (|3.65p 
respectively: 



Mod(t) 



+ 



A 



Ti 

-{hs+ 




+ b 



2bTo,2 
fi 

265o,2 
A(t> + Ado + ToAc/" 
A/3o 

A70 - doA</) 



(e, + a) 



K4> + olqZ + 7oA(/) 
-/3oA</. 



We first estimate from and ([OH]) : 

|Mod(t)^|2 



+ 



l±^|i?.lIMod(t)-p<^^(t)<^+ 



i + y 

Using the cancellation 

AHTi = Ahcj) = 
we also have the improved bound: 

1 + |logyP.|^^^jjMod^|2 < < 8{b*) 



1 



|log6|2 |logM|' 



l + y2 
The estimate for 



|log6|' 



+ 5{b*)8i 



^ / \{mf Mod\^ 



is more involved. We first observe: 

Mod = -Modi + Mod2, Mod2 = O 
with 



62 



|log6| 



+ ^J8i]b(l + y)\\ogy\ly<2Bi 



Modi = ffls 








(6s 



Ti 




+ 6 



+ (e, + a) 
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The bound for Mod2 follows from (j3.65p and easily leads to the desired estimate. 
We focus on Modi. We compute: 



JMModi 



-{bs + b^)Hn 

-UsHTi - 26(6, + b'^)Hto,2 + w A O 







. (4.56) 



We now reapply the operator JH. The second term in estimated by brute force 
using the estimates of Appendix B. For instance, using ()6.47p . 



|C/(t)|2 / |w^|2|i/ 



logy 



< 



1 + ^ |log6|2 J l + y6 
For the first term: 

-{bs + b^)Hfi 

-ttsHTi - 26(6, + 6^)^70,2 = {e^ + w) A 



6^ /■ |w^|2|logy|2 6^ 66 



|log6p 



|log6p 







-{bs + b^)H^fi 

-a^H^fi - 26(6, + b^)H^f 0,2 

-2{b, + b^)il + Z){dy + ^)Hn 



U{t)0 



I log 1 -. , 

^3— li?i<S/<2Bi +6 



lj/<6Bo ^ 1 



+ 



w 



As a result we obtain the bound 
\2ivT„j|2 / .2 



(l + 2/)|log6| 1 + yV 1 + 2/^ 
6^ 

+ 



|log6|2 logM ) ■ 



|(JIH)^Mod|^<6^|[/(t)|2<6' 
step 11 Contribution of the phase term. 
Let 

fi = -BsZiJ^w, 

then using the bootstrap assumptions on a and the modulation bounds of Lemma 



+ 



1 + I logy I ^ 

1 + 



|i?,EIfi^|2 



1 + \^ogy? 

l + y2 



|(JE[)^fi 



2f |2 



< |e,|2c(M)£:4<c(M)^f4. 



Here, near the origin we used the decomposition ( JE[)2(Zi?2w) = ( J]HI)2(i?^w) + 
(JEI)2((Z — The bound \Z — 1\ < eliminates a possible singularity at 

the origin, which may arise for instance from the term 



H"^ {{Z - l)a) =h[{Z - l)Ha - d'^{Z - l)a 
= {Z- l)H^a - dl{Z - l)Ha - 



dy{Z-l) 



a-2dy{Z - l)dya 



dy{Z-l) 



Ha 



2dy{Z - l)dyHa - d^{Z - l)Ha + d^{Z - l)Ha + 2d^{Z - l)dya 



y 



y 



y 



y 



+ ^dy ^^^^y - 25y(Z - l)Hdya + 2d^{Z - l)dya 

dliZ-l) 
+ 2Jil '-dya + 4.dl{Z - l)dla. 
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The only terms singular at the origin appears in the commutator 
-2dy{Z - l)Hdya 

= -2dy{Z - l)dyHa + 2 ^^^^ ~ dya - 4 ^^^^3~ Va + 2 ^^^^ ~ dyVa 
= 2dy{Z - l)dyHa + 2 ^y^^~ dyVa - 4 ^^^^3~ {V - l)a 
+ 2M^,^«_4mA«, 

yd 

where due to the vanishing |^ — 1| ^ and \dyV\ < y we only need to take into 
account the last two terms, and the term 

2— dyU. 

y 

When combined, they generate 

y y y y y " 

The estimate 

jy<i y 

follows from (j6.5ip . The estimates for y > 1 can be obtained in a similar fashion to 
the terms already treated above. We omit the details. 

step 12 Contribution of the remaining term. 

In view of ()4.24p . it remains to estimate the contribution of the term: 
(e^A^ + aHfi) + b'^H%2 + a'^Hf2fl - 2(1 + Z)dy^Q 



w A 



A^A0 + hHTi + ahHTi^i + b^HTo^^ . (4.57) 



-A7o-2(l + Z)(ay + f)ao 



The singularity at the origin is treated using the vanishing of w at the origin and 
the estimates of Appendix B. We focus on the estimates for y > 1 for which we 
rewrite using the equation HTi = A(j): 

f2=wA O (\U{t)\hy<2B. + ^-ly^B, ^ Jlogy|lB,<,<2B, ^ bhly<2B. 

V y y y 

b I logy I \ 

+ 11 ^ 4-58 
|log6| 1 + 2/2 f- ly 

from which 

/ + / Ht^'^^^^^'I^ + / ^^IA^«-P + / \iW 

C{M)b^ ( b' ^c\<}?( ^Mh*\F 

This concludes the proof of (|i33l) . (|43il) . 
This concludes the proof of Proposition 14.61 
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5. Closing the Bootstrap 

We are now in position to close the bootstrap and complete the proof of Propo- 
sition K2\ 



5.1. Energy estimates. In this section, we close the three Sobolev bounds of 
Proposition | 



step 1 Energy bound. 

The Dirichlet energy |Vf p for a map 

V = acr + fier + (1 + l)Q 

is given by the expression 
E{v) = {Ha, a) + {Hp, /3) + (-A7, 7) + 2 j {I + Z) (^dra - adr^ + ^07^ 

+ /{l + Zf, (5.1) 

where 

E{Q) = j{l + Zf. 
We now linearize this expression by letting 

a = 0.0 + a, /3 = /3o + ^, 7 = 70 + 7- 
We have by construction of the profile: 

\\dy^4h + \\^\\h + \E{aoer + h^r + (1 + lo)Q) - E{Q)\ < Vb (5.2) 



and thus from the initial smallness assumption (|4.9p : 

\E{^{0))-E{Q)\<6{b*). 

Moreover, the choice of orthogonality conditions (j4.6p ensures the coercivity esti- 
mate: 



{Ha, a) + {H(3,/3) > C{M) 



IQ ±||2 , 11'^ ||2 



(5.3) 



see Appendix A. Returning to ()5.ip . the relation 

implies that 7 is a quadratic quantity which, together with the bootstrap bounds, 
allows us to estimate the cross terms. Injecting (j5.2p . (|5.3p into (j5.ip now yields 

613). 

step 2 Closing the 1S4 bound. 

We integrate the differential inequality (|4.33p and use the bootstrap bound (j4.15p . 
This yields: Vt S [0,ti), 
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for some universal constants < di < 1, C > independent of M. Let Ci,C2 be 
two large enough universal constants and define 



02 = 2 + 



(5.5) 



Observe that 

b{t) > 

from ()4.12p and (|4.14p since 6(to) = would imply that n(to) is a rescaling of Q 
which, by uniqueness, contradicts the initial data assumption. We observe from the 
modulation equations (|4.27p . (I4.28P and the bootstrap assumption ()4.15p that: 



d r|log6|"'6 
ds 1 A 



|log6|"» 



A 



1 



\\ogh\ 
|log6|°' 



bs + b' 



bs + b'{l + 



+ b 



Oii 



|log6| 



+ 



|log6|^ 



|log6|y A 

< for 1 = 1 
> for i = 1. 



Note that the last inequality requires the choice of Ci, C2 ^ \/K. Integrating this 
from to t yields: 



6(0) /|log6(0|| 



Q!2 



^ 6(t)_ ^ 6(0)_ / |log6(0|| \ 

- \(t) - A(o) viw)iy 



A(0) \\\ogb{t)\ 
This yields in particular using the initial bound (|4.10p : 



sm < {bmogb{t)rf 



< 



b\t) 



(6(0)|logfe(0)|"2)6 - |log6(t)|2 



(5.6) 



(5.7) 



We now compute explicitely using b = —Wt + O f ji^^l : 



A8|log6|2 



dr 



1 
6 

O 



b^ 



A6|log6|^ 



* btb^ 



6 Jo A6|log6|2 



4 + 



log6| 



dr 
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rdr 



AS |log6|2 

Using the monotonicity bound X'^bt = bg < —b^ from (|4.28p we obtain: 



X^t) 



b 6^ 1 
A8^^ - 2 



1 + 



llog^ol 



|log6(t)| 



2 • 



Combiningthis together with ()5.7p and inserting into ()5.4p yields 



£i{t) < ((1 - d2)K + C) 



log6(t)p 



for some universal constants < (i2 < 1 and C > independent of M. The desired 
bound (|4.19p follows for K large enough independent of M. 

step 3 Closing the 82 bound. 

Observe that interpolating between the £1 and the £4^ bounds does not give enough 
decay in b and we need a dynamical argument. Let us come back to the original 
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map u and compute from (jl.ip . (j2.16p : 
1 d 



2dt 



\u A AnP 



nAAti- [(uA An) A An + uA A(uA An)] (5.8) 
n A An • [n A A(n A An)] 



I V AAv[v A A{v A An)] 



We now recall that for any vector a with radial coordinates in the Frenet basis 

a = acr + (3er + ^Q, T 



a 
7 



there holds 

a • [n A Aa] = a • [n A (Aa + |VQpa)] = -T ■ [{e, + w) A MT] = -T ■ mV. {5S 
We use the decomposition 

n = + w 

in terms of coordinates in the Frenet basis, and apply ()5.9p with 

o = n A An = w A (An + iVQI^n) so that P = - JMw 
to conclude from ()5.8p : 

1 d ( 1 1 



/ JMw - JIH(JlIw). 



We now split w = w + wq and obtain equivalently: 



ld_ (l_ 
2dt 1 A2 



1 



+ 



W2 • JHw2 + J JMwo • JEI(J]Hwo) 
W2 • J]HI( JMwo) + / -/EI Wo • JMw2 . 



We then estimate from Cauchy Schwarz, Lemma |4.7| (|6.7ip . (|6.82p . (|6.85p : 



< 

< 1 



< 1 



2 1 A2 
1 



W2||L2||JEIW2||i2 +6||IHwo||i2 + ||HJw2||l2 



12 + II JlIW2||i2 



L2 



/f^^^ + 6^|log6|2 + ( -^b'\logb\' 



|log6P 
|log6p 



+ 6^|log6p 



< 



|log6p 

b^llogfep 
A4 



where we used the boostrap bound (j4.14p in the last step. We integrate this in time 
using (|6.77p and the initial bound (|4.14p to derive: 



£2{t) <b\t)\\ogbit)\^ + X\t)bl^ + X\t) 
We then estimate using (j5.6p and 6^ < —bs'- 



63 
A4 



dr. 



Jo 



' b^ ^ b^(0)|logb(0 )p"^ '■^ 
F ^ A2(0) JO 



6t 



6|log6| 



2cn 



< 



62(0)|log 6(0)1 
A2(0) 
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where we used ai — 1 > for M large enough from (jS.Sp . Hence from (|5.6p : 

£2{t) < bHmogKt)\^ + X\t)bl' + X^it f^'^^^^^^ (5.10) 

< b\t)\logb{t)\' + 6^(0)|logK0)| llogKOI^"^ 



'62(0)|log6(0)|2°2 
< fc'|log6(t)|^ 
and ()4.18p is proved. 

5.2. Modulation parameters o, 6. In this section we prove (j4.16p . The bound 
b{t) < -y6*(M) fohows immediately from the monotonicity bs < 0. The estimate 

will be shown to hold for a special choice of the data a(0), which depends on the 
data w(0) and 6(0). This restriction is consistent with the statement of our main 
result. 

Indeed, let us show that for a given parameter 6(0) and the data w(0) satisfying 
the assumptions (|4.8p . (14. 9p . (|4.10p we can find a value of the parameter a(0) with 
the property that |a(0)| < 4|iogfo(o)| and such that the bound (|4.16p 

holds along the dynamics generated by the data {a{0),b{0),w{0)). Define 

|log6(s)| 



k{s) = a{s)- 



2b{s) 



Considering the data a(0) in the interval Z = [— 4|ipgj||Q)| ; 4|iogb(o)| )] ensures that 
k(0) G [— ^)^] and provides the existence of s^, = s^,{a{0)) G (0, +oo] such that 
\k{s)\ < 1 for all < s < s* and |k(s=i,) = 1, if s* < +oo. Note that if s*(ao) = +oo 
then the corresponding value of a(0) produces the desired conclusion. 

Given the bound \k{s)\ < 1 all the conclusions of Theorem 14.21 as well as Lemma 
l4.4l hold on the interval [0, t^, (s*)). We then compute with the help of the modulation 
equations of Lemma 14.41 

d , ^ |log6| bs |log6| , , II M\ , , + 

-k(s) = a^— a— ^-a— ^6^ = -a + -(l + |log6|) + o + 0' 



ds ^ ' 2b 262 262 ' i 2^ ' ' ^ ' ' \^/l5gM 

= bK{l + o{l)) + O ( -=L=] . (5.11) 



This equation and positivity of 6(s) implies that k{s) is monotonically decreasing 
if ^(0) < — ^i^^j^j and monotonically increasing if k{0) > ^^^^^ for some universal 



constant C. We now define two subintervals and X_ of X = [— ^, ^] with the 
property that for k(0) G I± there exists a finite value such that \k{s)\ < 1 for all 
< s < s* and k{s^:) = ±1. 

If X-i- is emptjQ then any k{0) > ^^^^^ yields the claim, similarily for X_. We 
therefore assume that both I± are non empty. Then the nondegeneracy (15. lip 
ensures that =b^K(s*) > for in I±, and thus I± are open non empty disjoint 
subsets [— ^, As a consequence, there exists at least one value of k{0) G [— ^] 



■^Note that we can easily show in fact that ±56 I± 
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such that k(0) (X+ U For this value of k(0) we have \n{s)\ < 1 for ah 

< s < cx), as desired. 



6. Sharp description of the singularity formation 

We are now in position to conclude the proof of Theorem 11.11 



6.1. Finite time blow up. Let T < +oo be the life span of u, then the estimates 
of Proposition Hr2] hold on [0,T). From (j5.6p . 



and thus A(i) becomes equal to zero in finite time which implies 

T < +00. 

Observe then from ()5.6p that this implies 

A(r) = b{T) = 0. (6.1) 
Integrating the modulation equation ()4.28p from s = cxd we obtain 

bis) = - + 0{-^). (6.2) 
s slogs 

6.2. Asymptotics. We now prove convergence of the phase Q{t) as t — t- T, give 
the sharp description of the blow up speed and prove convergence of the energy 
excess. 

step 1 Refined bound for a. 

The bound ()4.16p is not sufficient to prove the convergence of the phase since 

|log6(s)| — )■ +00 as s — )• +00. 



llog^l 

We claim however that the global £4 bound now allows for an additional logarithmic 
gain: 

Ht)\<C{6o)-^^. (6.3) 
|log6(t)|2 

for some small enough universal constant 5q > and a large constant C{5q). This, 
together with (|4.27p . implies tzhat 

\Qs\<C{5o)^^ 
|log6(s)|2 

and, after application of the bound (|6.2p . leads to the convergence of the phase 0: 

0(t) ^ 0(r) G M as t^T. (6.4) 

To show (|6.cip . let 



for some sufficiently small 6 > 0. We project (j4.22p onto the first component a, 
commute the equation with H and take the inner product with XB^^i'- 
proof of (|4.30p we obtain: 

{Hfi,XBM) = 41ogi?5 (1 + 
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As in the proof of (j3.14p we estimate from (j3.6ip : 

- (i/§«,XB.A<^) = O (^logi?,) . (6.5) 



Moreover, 



\Jy<B/, / 



.2 



b 



ly<Bs J ^ Vllog^l 

All other nonlinear terms are easily estimated using the £4 bound and the smallness 
of 5 > 0, leading to the bound: 



.{d,Ha,XBs^cl,) + o(c{6)-^]+o(bb-^'-^^ 
I V loe6 2/ V \^ogb\J 



= -^1 {Ha,XBsH)\+0 \ C{5)-^\ + o(h~^^-^\ 

Let 

and thus: 

62 \ 



Oo = O 



3 

|log&| 2 



We now integrate this identity in time using (|6.2p to and the convergence a — >• for 
s — >• 00 from (|6.2p . ()6.3p to conclude: 



3 ' 
log6| 2 



and (j6.3p is proved. 

step 2 Derivation of the blow up speed. 

Arguing as for a we now slightly refine our control for h. We project (j4.22p onto 
the second component /3, commute with H and take the inner product with XBs-^<P- 
We use 



{H^^^\xBsA(t>) = ^CbbHogBs (1 + (1^)) 



to get: 

bs + b'il + 



|log6| 



^ -{dsH/3,XBsA^)+olci5)-^] +o(b-^' 



f 1 . .1 6^ \ „ /. 63 



-{HP, XbM) \ + O [C{5)-^] + O (b-^^-^\ 

I \ ioe6 2/ V |iog6|y 



^i5\(i/Ti,XB,A<A)' ^'^ ^ |log6|iy V \^ogb\)- 

We now let 
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and obtain the pointwise refined control: 



bs + b^ 1 + 



\logb\ 



< — -—^ 

^ |log6|i 



Equivalently, 



+ 1 = 



Jlog6| 



r, ii 

2 



We now integrate this in time using hms_j>+oo b{s) = from (jG.ip and get: 

1 \ 



b{s) = -- + O 



s slogs 



'g^ Vs|logs| 



and thus from (16.61): 



b{s) = --^ + ol ) 

s slogs ys|logs|2 / 

We now use the modulation equation (|4.27p to conclude: 



A. 1 2 



We rewrite this as 



A s slogs 



d , / sA(s) 
—log ' 



+ 



< 



1 



s I logs 

1 



(6.7) 



(6.e 



ds \(logs)'^J ^ s|iogs| 

and thus integrating in time yields the existence of a constant k{uq) > 0, dependent 
on the data uq, such that: 



log 



sA(s) 1 



1 + 



1 



Therefore, 



and hence 



-log A = logs 



(logs)2 h{uq) 

loglogs 1 



I logs I 



1-2 ° ° +— — O 



logs Hi{uo) y|logs|2 



7 = '^'^"°)n^^'+"('^) 

for some constant k'{uq). The identity ()6.7p now implies 

^ = ^^'(^0)^^^(1+0(1)), 

which in turn means that 

-AAi = Ac'(no)-^(l + o(l)) 
|logA|^ 

and thus 

-llogApAt = K'(no)(l + o(l)). 
Integrating from t to T with A(T) = yields 

A(t) = ^-(^o) |^^J^"_\^p [1 + 0(1)] 
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Observe in particular the control 

b k'{uo) 



A |log(T-t)|2 
step 3 Strong convergence of the excess of energy. 



l+o(l)). (6.9) 



We now turn to the proof of (jl.Sp . We recall the decomposition: 
uit, x) = e®W^(Q + w)a = e®(*)^(Q)A + u. 

The bound 

l|Vn||i2 < 1 

is a simple consequence of the orbital stability bound and the energy critical scaling 
invariance. We now claim the bound: 

||Au||i2 < 1. (6.10) 

Assume ()6.77p . then a simple localization argument using (jl.ip and the bound (|6.10p 
yields the strong convergence outside the blow up point: 

\fR > 0, Vn ^ Vu* as t T in L^{\x\ > R) 

or equivalently: 

\fR>0, Vu-^Vu* as t-^T in L^{\x\>R) (6.11) 

for some equivariant map Vu* E L^. The convergence (|1.8p now follows from 

E{uo) = E{Q) + E{u*) 

which is the consequence of the conservation of energy, the outer convergence (|6.1ip 
and the local compactness of Sobolev embedding through the bound (|6.10p . The 
convergence (jl.Sp and the bound (j6.10p now yield the regularity p. lip . 
Proof of \6.1Ul Let us recall by definition that 

u = Sw 

and thus from (f2T9]) and the decay |VQ| < 1 + Z: 

< £2 + b^\logb\^ 

where we used (j6.60p . (j6.43p . (j6.77p and (j6.7ip . We now recall (|5.10p which together 
with dSl]) yields: 

^2 + 6'|log6p<A2 

and (I6T0]) follows. 

This concludes the proof of Theorem 11.11 



Appendix A: coercivity estimates 

This Appendix is devoted to the derivation of weighted coercivity estimates 
for the operator H and its iterate H^, which generalize related results in |37| . |33| . 



53 



6.3. Hardy inequalities. 

Lemma 6.1 (Logarithmic Hardy inequalities). Vi? > 2, Vv G H^^j{M?) and 7 > 0, 
there holds the following controls: 

L,|2 



< 



y<R y^(l + |logy|)^ ~ Jl<y<2 Jy<R 



[ [ \Vl 

Jl<v<2 Jv<R 



y2+7(l + |logy|)2 



(6.12) 
(6.13) 



< a. 



\v\' + 



l<l/<2 



\Vv\ 



|7,|2 < 

I li°°(i<y<-R) ~ 



l<y<RyHl+\l0gy\)^' 

|V?;|2 



\v\'^ + R^ 



l<J/<2 



l<y<R y 



[ \v?<R'{l \v\^ + logR[ \Vv\A 

Jy<R VJj/<2 ■Jy<R / 



R<y<2R y 



^< / \v\' + logR 



y<2 



\Vv\ 



y<2R 



I ^ < logi? / \v\'' + (logi?)2 / |V 

Jy<2R y Jy<2 J y<2R 



(6.14) 
(6.15) 
(6.16) 

(6.17) 



Proof. Let v smooth and radiahy symmetric. First recah from the one dimensional 
Sobolev embedding iJ^l < y < 2) L°°(l < y < 2) that 



Let f{y) 



y(l+|logy|) 



HI)? 



so that 



V-/ 



l<y<2 



{\v\^ + \dyV\ 



and integrate by parts to get: 



.<3;<i?y2(i + |iogy|)^ 



e<3/<l 



l + |log(y)| 
< Ki)l' + 



R 



+ 



.l + |log(y)| 
/.<,<i? 2/2(1 + |logy|)2 

and ()6.12p follows. To prove (j6.13p . let 7 > and 



+ 



y<R 



1 



" y(l + |logy|) 



e<y<R 



f{y) 



y7+l(l + logy)2 



so that for y > 1: 
V-/ = 



y7+2(l+logy)2 



7- 



(1 + logy)3 



> 



y7+2(l+logy)2- 
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We then integrate by parts to get: 

|2 



7 



\v\ 



< 



l<y<R y^+2(l + logy)2 Jl<y<R 



< 



< c 



y7(l + log(y))2 



\vfV-f 



vd^.vl 



\vr + 2 



i<y<-2 



1 ^^yi<j;<i?,yT+^(i + logy) 
2 xl 



i<y<R + logy)2 J \Ji<y<R y^(l + logy) 



\Vv\ 



and (j6.13p follows. To prove (j6.14p . we have: Vy G [1,-R], 



f (1) + / v {r)dr 



Hy)\ 



and ()6.14p follows. Similarily, 



< 1^1)1+^ 



2^l 



l<y<R y 



\v{y)\ 



v{l) + / v'{r)dr 



< \v{l)\ + 



\Vv\ 



y<R 



and (j6.15p . (j6.16p follow by squaring this estimate and integrating in R. Finally, 
(j6.17p follows from (j6.16p by summing over dyadic 72- intervals. □ 

6.4. Sub-coercivity estimates. In this section we establish weighted sub-coercive 
estimates for the operators H and which will play a key role in the proof of the 
coercive estimates under additional orthogonality conditions. 



Lemma 6.2 (Sub-coercivity for H). Let u be a function with the property 



u I 



y4(l + |logy| 



+ 



/ \dyiA 



y2(l+y2) 



< +00 



then 



(Hu? - / ^,|^ + / \dy{Au) 



(6.18) 



(6.19) 



> 



\dlu? 



+ 



+ 



(l + |logy|)2 J y2(l + |logy|)2 J y4(l + |logy|)2 
2 



\u[ 



c 



\u\ 



l + y5' 

Proof of (j6J9]) : First observe from ([2J2]) that: 



(6.20) 



{Hu) 



{A*Auf = {Au,H{Au)) « / \dyAu\^ + 



\Au\' 



y2(l+y2)- 



Let now a smooth cut off function xiv) = 1 for y < 1, xiv) = for 2/^2, and 
consider the decomposition: 

u = ui + U2 = xu + {I - x)u- 

Then from ()6.12p : 



+ 



\Au\'' 



-Fy2) y2(l _^ |logy|)2 



(6.21) 
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For the first term, we rewrite: 

> 



\Au\'^ f |^Ui|2 



y2(l + y2) 



+ 2 



> 



I 



{Aui){Au2) 

y2(l + y2) 

|Z-1|2 



c I \ur 



where in the last step we integrated by parts the quantity: 

{Aui){Au2) = {xAu-xu){{l-x)Au+xu) > x{Au)xu-xu{l-x){Au)-{x fu^- 

We hence conclude from \Z{y) — 1\ ^ y for y < 1 and the Hardy inequality (|6.12p 
applied to e H^^^ fom ([635]) that: 



/ 



+ y2 

Similarily we estimate: 
\Au\^ 



> 



ml 



y4(l + |logy|)2 



C 



2/<2 



(6.22) 



/ 



> 



> 



y2(l + |logy|)2 
1 

y2(l + |logy|)2 

\dyU2\^ 



> 



\AU2\^ 



y2(l + |logy|)2 



+ 2 



\dyU2 + ^\''-C 

y 



{Aui){Au2) 
y2(l + |log2/|)2 

1 + 



y2(l + |logy|)2 



C 



l<y<2 



+ 



P2 



c 



U2 



(6.23) 



y2(l + |logy|)2 J y4(i + |logy|)2 J y6(l + |logy|)2 

where we applied the weighted Hardy (|6.13|) to yu2 with 7 = 4 and integrated by 
parts for the last step using the bound |1 + Z{y)\ < ^ for y > I. (fOT]) . (lOSI) and 
IKm imply: 



\a4' 



+ / \dy{Au)f > 



y2(l+y2) 

This implies using again (|6.12p : 



\u\ 



y2(l + |log2/|)2 



< 



< 



2/4(1 + |logy|)2 



c 



\ul 



1 + r 



(6.24) 



y2(l + |logy|)2 
\dy{Au)f + 



+ 



y4(l + |logy|)2 



y2(l + y2) 



+ 



u 



1 + r 



(6.25) 



Finally, examining the expression 



Z 



dy{Au) = dy{—dyU H u) 



\Au\^ 



+ 



u 



l + y5 



we also obtain 

which together with (|6.24p , (I6.25P concludes the proof of (j6.19p and of Lemma 16.21 
Lemma 6.3 (Weighted sub-coercivity for H). Let u be a function with the property 
\Hu? r \dyHu\^ 



+ 



y4(l + |logy|)2 

2 



+ 



y2(l + |logy|)2 



u 



y^{l + y^){l + \logy\y 



+ 



{dyU) 



y2(l+y4)(l + |logy|)2 



< oo, (6.26) 
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then 



+ 



\dyHu\^ 



> 



+ 



y4(l + |logy|)2 J y^l + \logy\y 

2 



(6.27) 



u 



+ 



y4(l+y4)(l + |logy|)2 J y2(l + y4)(l + |logy|)2 

2 



+ 



y4(l + |logy|)2 J y2(i + |logy|)2 



(S^n) 



C7 



1 + 2/8 '7 1 + y 



+ 



,10 



Proof of Lemma \6.3[ Let x(y) be a smooth cut-off function with support in y > 1 
and equal to 1 for y > 2. We first consider 



X 



X 



X 



y4(l + |logy|)2 

\dy{ydyu)\'^ 
i/6(l + |logy|)2 

\dy{ydyu)\'^ 
y6(l + |logy|)2 



X- 



y6(l + |logy|)2 



2 / dyiydy^)-y^ ^ I 
I + |iogy|)2 + / X 



2L,|2 



+ 2 X 



-y6(l + |logy|)2 +y ^y8(l + |logy|)2 



y8(l + |logy|)2 



kl A 



^y6(l + |logy|)2^ 

We now observe that for k > and y > 1 

5,My) = 5^i) + o(y-'-') 

We may thus apply twice the Hardy inequality with sharp constant ()6.19p with 
7 = 6 and get for a sufficiently large universal constant R: 



^. \dy{ydyU)\^ f VidyU) 



> (9 + 2) / 

> (99-31) / 

J V 



y6(l + |logy|)2 

y6(l + |logy|)2 



y6(l + |logy|)2 
- 31 



xV 



y6(l + |logy|)2 
{dyuf 



j^>^y8(l + |logy|)2 



C 



y>i y° 



\u\ 



c 



ly^n y8(l + |logy|)2 
and hence the bound away from the origin: 



(dyu)' 



+ 



y>i y° 



y>i y 



u\ 
"To" 



/ 



X- 



> 



\dlu\^ 



+ 



{dyUf 



+ 



y4(l + |logy|)2 - 7^>2 y4(l + |logy|)2 J^^^ y6(l + |logy|)2 y«(l + |logy|) 



c 



y>i 



+ 



y>i y 



10 



The control of the third derivative away from the origin follows from: 

r \dy {li-dyiydy-^ ' ^^-^'2 



> 



X 



X 



\dyH4^ 



y2(l + |logy|)2 
y2(l + |logy|)2 



X- 



C 



X- 



y2(l + |logy|)2 



y4(l + |logy|)2 +y ^y6(l + |logy|)2 ' J ^y8(l + |logy|)2 



\dyU 



+ / X 



u ■ 
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Near the origin, we first observe from (j6.26p that 



+ |logy|2) 



< +00. (6.28) 



We now observe from 



a^(iog(Ac/>)) = - 
y 



that 



A*f = dyf + = -l^dyiyAqyf), 



and thus from (|6.28|) : 

Au{y) = j^^ TK<l,{T)Hu{T)dT. (6.29) 

We then estimate from Cauchy-Schwarz and Fubini: 

-dy<f I \Hu{r)\Hydr 



y<l + |logy|2) ^ Jo<y<l Jo<T<y 2/^(1 + llogyp) 



< 

and thus: 



\Hu{t[ 

0<r<l 



|2 



r<S,<l + |logyP)J ~ ^r<l r\l + |logT|2 



ly^, VHI + |logy|2) - 7^<i + |logy|2) 

which imphes from yl*(74ii) = Hu: 



We now rewrite near the origin: 



(6.30) 



(6.31) 



,2„, 1 ^ ^ „, , «^ , ^ - 1 , _ ^2„, , , (1^ - 1) + (1 - ^), 



Hu = -a> + - -dyu + - + — 7^u = -d^u + — + ^ 

y y \ yjy^ ^ y r 



which imphes using (j6.30p . (|6.3ip . 



^ TIT^^TTTm + ..... (6-32) 



y4(l + |logy|2) ~ y^^^ y4(l + |logy|2) J^^^ y4(l + |logy|2) ' 

\d'yU\' ^ r \dyHu\' f \HU\^ 



,<iy2(l + |logy|2) ~ 7^<i + |logy|2) 7^<i + |logy|2) 



Jy<l y2(l + |logy|2) y^^^ y4(l + |logy|2) • 

Let now C = {I - x)K then satisfies (l6J8]l from (fOejl . (fOOjl . (fOT]) . and we 
thus obtain from (j6.19p : 



y2(l + |logy|)2 J y4(i + |logy|)2 7 l + y5 



~ A<iy2(l + |logy|)2^y^<iy4(i + |iogy|)2 Jy^,l + y^- > 
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Injecting (j6.32p . (j6.33p into (|6.34p yields the expected control at the origin. This 
concludes the proof of (|6.27p and Lemma 16.31 



We combine the results of Lemma 16.21 and Lemma 16.31 and obtain: 
Lemma 6.4 (Sub-coercivity for H^). Let u he a radially symmetric function with 

1^12 r ff, .A2 



then 



+ , ^ +, {M <oo 



' ^ - J y4(l + |logy|)2 + y2(l + |logy|)2+y y2 (1 + | l^gy | )2 ^ ' > 



+ / h / 1- 



C 



y4(l + |logy|)2 J y2(l + y4(l + |logy|)2 J y4(l+y4)(l + |logy|)2 



6.5. Coercivity of iJ'^. We are now in position to derive the fundamental coerciv- 
ity property of at the heart of our analysis: 

Lemma 6.5 (Coercivity of H^). Let M > 1 be a large enough universal constant. 
Let $M be given by (j4.ip . Then there exists a universal constant C{M) > such 
that for all radially symmetric function u satisfiyng (j6.35p and the orthogonality 
conditions 

{u,<Pm) = 0, {Hu,<^m) = 0, 

there holds: 



2/4(1 + |logy|)2 2/2(1 + |logy|)2 J (1 + \logy\y J (1 + \logy\)^ 



+ / 1- 



2/4(1 + |log2/|)2 J 2/2(1 + 2/4)(l + |log2/|)2 J 2/4(1 + 2/4)(l + |log2/|)2 
< C{M) j (6.37) 

Proof of Lemma 1^.51 We argue by contradiction. Let M > fixed and consider 
a normalized sequence ii„ 

\HUn\'' , \dyHUn? , f \dlun? 



2/4(1 + |log2/|)2 2/2(1 + |log2/|)2 J 2/2(1 + |log2/|)2 

■2„ |2 r m |2 r I., |2 



+ ^7^7^^^^ + o ' ^ 6.38 



+ ] 2/4(1 + |logy|)2+y 2/2(1 + 2^4X1 + |log2/|)2^y 2/^(1 + 2/4')(l' + |log2/|)2 ^' 
satisfying the orthogonality conditions 

(n„, ^-m) = 0, (tx„, H^m) = 0, (6.39) 

and 

The normalization condition implies that the sequence ti„ is uniformly bounded 
in Hi^^- Moreover, as follows from Lemma 16.31 for any smooth cut-off function Q 



\Ur, 
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vanishing in a neighborhood oi y = the sequence is uniformly bounded in 
Hf^^. As a consequence, we can assume that u„ and (^n„ weakly converge in H^^^ 
and Hf^^ to Uqo and C^oo respectively. Moreover, Uqo satisfies the equation 

AHuoo = 
away from y = 0. Integrating the ODE 



AHUr. 



-A(l)dy 



Act) 



we obtain that Huoo{y) 
written in the form 



aK(j){y) away from y = 0. The function Uoo can be 



Uoo{y) = OiT{y) I A(f){x)A(t>{x)xdx — aA(f){y) / A(p{x)r{x)xdx 
Jo Ji 
+ /3A0(y) + 7r(y) = aTi{y) + + ^T{y) 

Using the condition Uoo £ ^loc conclude that 7 = 0. Passing to the limit 

in the orthogonality conditions, using that Un converges to Uoo weakly in H^^^, we 
conclude that Uoo satisfies 



0, 



M) 



0. 



We may therefore determine the constants a,f3 using (|4.ip . (|4.3p which yield a 
13 = and thus Uoo = 0. 

The sub-coercitivity bound (|6.36p together with ()6.40p ensures: 



i > 
n 



+ 
- C 



\dyHu„ 



+ |logy|)2 

+ 



\HUr, 



y\l + \\ogy\f 

2 

+ 



+ 



\dl 



Ur, 



y4(l + |logy|)2 J y^{l + y^){l + \\ogy\Y J y\l + y^){l + \\ogy\Y 



y (1 + |logy| 



\Hu\^ 
l + y5 



+ 



l + y8 



+ 



1 + 2/ 



10 



Coupling this with the normalization condition we obtain that 



c 



1 



{dyUr. 



1 



yO 



+ 



10 



> c 



for some positive constant c > and a smooth cut-off function ( vanishing for y < e 
and y > e~^. The size of e depends only on the universal constant C. Since Un 
weakly converges to Uoo in on any compact subinterval of y G (0, oo) we can 
pass to the limit to conclude 



c 



\HUr. 



1 + r 



+ 



{dyUc 



[1 + y^ 



+ 



Ur.. 



(1 + ylO) 



> c. 



This contradicts the established identity Uoo = and concludes the proof of Lemma 
I modulo the additional bound for 



(1 + |logy|2) 

claimed in (|6.37p . To control this term we simply observe that for y > 1 



d^u + O 
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and the desired estimate easily follows from the already established bounds for lower 
derivatives. For y < 1 we write 

H\ = H{-A + = d^u + dli^-dy - + O (^) + O {^M^ . 

?/ y y \. y / \. y y 

We further note that 

dli-dy - X^)u = dl i-Av) + dl {0{l)u) = -dl{Au) - -dy{Au) + \au + dl {0{l)u) 
y y \y J y y y 

The estimate for y < 1 now follows from the bounds for dyHu, Hu and the coercivity 
estimate (j6.30p for Au. 

6.6. Coercivity of H. We complement the coercitivity property of the operator 
H^, established in the previous section, by the corresponding statement for the 
operator H, which follows from standard compactness argument. A complete proofl 
is given in |33| : 

Lemma 6.6 (Coercivity of H). Let M > 1 fixed. Then there exists c{M) > such 
that the following holds true. Let u G with 



and 



then: 



+ j \dy{Au)\'^ < +00, (6.41) 



/ 

J\v\ 



y4(l + |logy|)2 



'|y|>l 1 + llogyP J y2(l + |logy|)2 J y4^{l + \logy\y 

< c(M) J (6.42) 



< c(M) 



Appendix B: Interpolation estimates 



We derive interpolation bounds in the bootstrap regime of Proposition 14.21 and 
in the regime of parameters described by Remark 14.31 We recall the notation: 



w 



a 

P 
7 



w 



■762 



In |33) the argument was carried out with the orthogonality condition (u, XM^<t>) = 0. Here we 
require that (u, $m) = 0, which is sufficient in view of (|4.3p . according to which (x2AfA(^, $m) = 

(XmH^H) =41ogA/(l + OM_»+oo(l)). 
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and the norms £1,82, £4, introduced in (j4.7p . together with their bootstrap bounds 
(BIS]), (SH, (I47[5]) : 

= |(|Vw|2 + ^)<i^5(6*), 

£2 = j |i?.]HIw^p = j{\Ha\^ + \Hf3\^)<Kb\t)\logb{t)f, 

£4 = 1 \{RM?^^\' = I {\hW + \H^P\') < ^^1^- 



6.7. Regularity at the origin. The use of the coercivity bounds in Appendix A 
and the interpolation estimates below requires establishing a priori regularity of the 
Schrodinger map u, expressed in Frenet basis, at the origin. We will show that the 
smoothness of the map u{t) : — t- C implies boundedness of the quantities 



w 


, \dyW\ , 














dyAHw^ 


y 


y 




y 


1 


y 


1 



We first consider the expression Vu = {dyU, ^dgu) which, as long as u is smooth, 

is bounded at the origin. Using Lemma 12.11 we compute this in terms of (a, (3, 7) 
Frenet coordinates of u: 

(dya + (1 + Z)(l + 7))e, + dy^er + (5^7 - (1 + Z)a)Q, --per + {-a + ^(1 + 7))e 

y y y 

This immediately implies boundedness of 



, \dyW\ 



Similarly, computing the expression Au + |VQpM from (I2T9D 

An + iVQI^t; = {-Ha + 2(1 + Z)dy^) e, + (-F/3)e, 

+ (-^^^^^^« + A7 - 2(1 + Z)dya^ Q 

gives us the boundedness of |i/w-'-| and IA7I. 

Using cartesian coordinates x = {xi,X2) on we examine the expressions 

lim 'VxiU = lim 'VxiU. 

a;2=0,a:i— ^0 xi=0,X2— ^0 

Computing this in polar coordinates and relative to the Frenet basis we immediately 
obtain the relations 

dya = -a, dyB = —B 

y y 

in the limit as y — )• 0. This immediately gives the boundedness of 



Aa 




A(3 


y 


1 


y 



The remaining bounds can be shown by similar arguments. We omit the details. 
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6.8. Interpolation bounds for w. We now turn to the proof of interpolation 
estimates for w in the bootstrap regimes which are used ah along the proof of 
Proposition 14.21 

Lemma 6.7 (Interpolation estimates for w"*"). There holds: 

12 r |9>^|2 



/ 



w 



+ 



y4(l + y4)(l + |logy|2 

<C{M)£i, l<i<3, 

|j^|>l (l + y4-2*)(l + |logy|2) 
|C 



/ 



y2(l + y6-2^)(l + |logy|2) 

<C{M)£2, l<i<2, 



' + -,\dl^^\'<b'\logb\^^^^\ 0<^<3, 

\diw^\^ <b^\logb\^^^^\ 0<i<2, 



y2(l + |logy|2)(l+y6-2. 

1 + \logy\^ 

'^>iy2(l + |logy|2)(l+y4-2«^ 



|y|>i 

IIw^IIl^ <5(6*), 
IIAw^lli^ <62|log6|9, 

y^{l + |logy|2) 



y2(l + |logy|) 



+ 



i°°(y<i) 



AAw^ 



1 + I logy I 
\Ha\ + \HI3\ 



+ 



y{l + |logy|) 



L°°iy<l) 
2 

L°°{y<l) 



y(l + |logy|) 



L°°(s/<1) 



<b\ 



\L°°iy<l) + II^S/'^ lli°°(y<l) ~ ^ ' 



y 



lL-(y>l) 



+ l|5.W^llioo(,>l)<&'|log6|^ 



W" 



|2 I II ^i/^ ||2 , ||a ^±W2 



' iy>l)<C{M)b^\l0gb\^. 



"l + y2"- "1 + y 
Proof of Lemma I g. 71 The estimate ()6.49p follows from the £i bound: 



6.43) 
6.44) 

6.45) 
6.46) 
6.47) 

6.48) 

6.49) 
6.50) 

6.51) 

b\ 

6.52) 

6.53) 

6.54) 
6.55) 
6.56) 



w 



< 



, w- 



,w 



IL2 



+ \\ — \\h<S{b*). 



The estimate (|6.43p follows from coercivity of Lemma 16.51 and the £4 bound. 
For i = 0, 1, 2 (|6.46p is easily implied by Lemma [6.61 and the £2 bound. For i = 3 we 
split the integral at y = Bq^ and estimate the inner contribution using Lemma 16.51 
and the £4 bound, and the outer by interpolating between the £4 and £2 bounds: 



< 



(l + |logyp)|g3w^P 
y>iy2(l + y4)(l + |logy|2) 

(l + |logyp)|53wJ 



(l + |logy|^)|a3wJ 



< |log6p+2^4 + Bo-2U(logi?o)^£:|^| 



\Cc2, 
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Similarly, the estimate (|6.47p follows by splitting the integral at y = i^o a-nd using 
the £4 and £2 bounds for the inner and outer regions respectively. 
To obtain (|6.48p we write 

dyHa = —AHa H Ha, 

y 

which, using the £2 and £4 bounds, implies with B G [Bq,2Bq] 

I 

%I>1 



f \dyHa\'' < I \dyHa\'' + / i\AHa\^ + 

J\y\>'^ J^<\y\<B J\i 



'\y\>B 



< b^\logb\^+ [ \A*AHaHa\ + \y\\AHaHa\iyi=B + b^\logbf 

J\y\>B 

< b^\logbf+ \H^aHa\ + — \AHaHa\ 

J\y\>Bo ^0 J Bo 

\J\y\>Bo J \J\y\>Bo J \J E 

< b'\logbf. 
To prove ([63ill and ([635]) let a G [1,2] such that 

\dy^^{a)\^ < I \dy^? < C{M)£4 

Jl<v<2 



ibo y' 



2 \ 2 / i'2Bo 

Bo 



then for y < 1: 



\dy^^\ < \dy^^{a)\ + r \dyy^^^\dy < C{M)y%< b' 



and for y > 1: 



dyW- 



L°°{y>l) 



< 



< 



\dyW 



-L|2\ 2 



y>i y 
ly>i y" 



?/>i 



W 



\dyyW^\^ 



iy>i y 



+ / \A*Aw- 



< b^llogbf, 



where in the last step we split the integral at y = Bq and use £2 bound for the inner 
and £1 for the outer parts. Next, we have from w-'"(0) = 0: 



W" 



L°°(y<l) 



^ Wdy'W \\L^{y<l) 



and 



W" 



< 



L°°{y>l) Jy>l y 

The estimates (j6.54p and (|6.55p now easily follow. 
The estimate ()6.5ip follows directly from (|6.30p . 
For (|630D : 



+ 



W" 



iy>i y 



(6.57) 



\\Aa\\l^ < 



\Aa\ 



2X1 



\dyAa\') <b'\logb\'^ 
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where in the last step we used the coercivity of H of Lemma 16. 6| spht the first 
integral at y = Bq and used the £2 bound for inner and the £1 for the outer parts. 
For (|632]) . we recall from (lOOl) : 

1 f-y 



Ha = A*Aa and thus Aa 



zK(j){Ha)dz. 



This yields for y < 1: 



1 



\Aa{y)\ < 



\Ba\ 



y2 \} y\\ + |logy|^ 



2 / rv 



Similarily, 



yields for y < 1: 



AHa 



1 



(1 + |logz|2)z3/dz ) < y2(l + |logy|)^. 
1 P 



2/„m2 



y z^ \ 2 



—dz] <V£i- (6.5. 



\HAa{y)\ = \AHa{y)\ < ^ ( / \H'{a 

This implies for y < 1: 

\AA{a){y)\ < \H{Aa){y)\ + ^-^^ < v^(l + |logy|). 

Similar estimates can be shown for /3 and the last term in (|6.52p . Let now a G [1, 2] 
be such that 



\Ha\\a)< [ \Ha\'<£4 

Jl<y<2 



then from 



there holds for y < 1: 



Af = -Hdy ( ^ ) , 



(6.59) 



\Ha{y)\<H{y) 



\Ha\{a) r \AHa 



+ 



-dz 



<|y|(l + |logy|)^/^, 



Acl){a) Jy Ac/) 

where in the last step we used the coercivity of A* . The bound (|6.53p follows. 
For (I636I) : 



W" 



l + y2 



< 



< 



w 



y2(l+y4) 
2 

+ 



a. 



w 



w 



y2(l+y4) J l + y4 



2\ 2 



Now 



W" 



< 



|log6|^ 



w 



< b'\logb\\ 

The argument for the other terms is similar, and (j6.56p is proved. 
Lemma 6.8 (Interpolation bound for 7 = w^). There holds: 



L°° 



y>Bo 



l + y« 



/ 



+ 



/ 



< 



y6(l + y2)(l + |logy|2) J y4(l + y4-2i)(l + |logy|2; 
&4 



+ 



\dil\' 



6{b*) 



|log6p 



+ £4] , 2 < i < 3, 



y2(l + y6-2^)(l + |logy|2) 

(6.60) 
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1 + I logy I 



c 



,>iy4(l + |logy|2)(l+y4-2iV y 

c 



/ i2j Q;7p<fe^iiogbp-(^\ o<z<2, 



y^{l + |logy|2 



|y| 



|log6|2 



4 > 



(i + |y|)7„2 



7 



|y|(i + |y|) 



- 

i^ + ll^lli^<C(M)63|log6p 

|y| 



+ I|5,7llio.<&'|log6|^ 



<5{b*)£2 + b^\\ogh{' 
l|A7llioo(,>i) < h'\\ogb\\ 



ly>l \ |log6p 

Proof of Lemma 16.81 Recall the normalization relation: 

(1+7)2 + q2+^2 ^ ^ 

We expand to get: 



(6.61) 
(6.62) 
(6.63) 
(6.64) 
(6.65) 
(6.66) 

(6.67) 
(6.68) 

(6.69) 



27 



(270 + t3^) + al + a{a + 2ao) + /3(/3 + oq) - (7 + 7o)^ 



(6.70) 



Note also by construction (13.411 that the leading order (270 + Pq) contribution to 7 
is cancelled on y < 2Bi, 
and we obtain: 



y6(l + y2)(l + |logy|2) 



< 



+ O 



w 



\y\ 



+ 



Wn 



|y| 



w 



2/4(1 +y4)(l + |logy|2) 



|log6p 



+ ^4 



from ()6.49p and (|6.54p for w"*" and the corresponding bounds for wq. The remaining 
estimates in IKmh . (IHIHTD . (f6:62l) . (fOi)) . (I05]l and flHIHHl) are obtained similarily 
from ()6.70p and the corresponding statements for w-*". We omit the details. 
The estimate (|6.63p for y > 1 follows from ()6.8p and the challenge here is the 
behavior of the integrand at the origin. To treat we write 

Adyj = -5^7 + -dy-f. 



Therefore for y < 1: 



\Ady^\ < \Ady{dl)\ + |w-|(|a^w-| + la^wol) + |a,Xl(|w-| + |wo|) 



w 



\y\ 



|5,wo| + ^)+|a,w-||^w-|. 
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The most important aspect of this formula is the last term containing ^W"*- and 
providing the necessary vanishing at the origin from Lemma 16.71 



s/<i 



2/4(1 + |logy|2)) - |log6|4^ ^ ^ '^y,<iy4(i + y2)(i + |iogy|^ 



< JL_ 

- |log6|2- 



We now turn to the proof of ()6.67p . We first estimate in brute force from ()3.15p . 
(f3J6]) and the relation HTi = AQ: 



iHwoP < 



\Haof + \Hpo\^+ I IA70P + 



|5,7oP + |5,aoP + ^ 



+ 



53 y 3 



l + y (l + y2)|iog6| 



1 + 



<fe'|log6p, 



(6.71) 



and similarily: 



l + y Jy<2Bi 



b\logy\ b^y^ 



+ 



<b'\\ogb\\ 



l + y (l + 2/2)|iog6| 

We now use this and the estimates of Lemma 16.71 and the properties of the profile 
wq to estimate: 

j < 62|log6|2 

+ j |w^|2(|Aw^|2 + |Awo|^) + j |Aw^|2(|w^|2 + |wo|2) + j |Vw^|2(|Vw^|2 + |Vwop 
We then estimate from (|6.55p . ()6.7ip : 



w 



||w^P|Awo|' < 62|log6p + ||w^|2^<62|iog6|2 + 
< fc'llogftp, 

|Vw^|2|Vwo|2 < \\dy^^\\l^Vb\\ogbf < 62|log6|2, 
and using (|6.45p : 

j lAw^lVoP < Vbb^\logbf < 62|log6|2, 
and thus arrive to the bound: 

I |A7p<62|log6|2 + I |Aw^|2|w^|2 + I ivw^r- 

From ()6.43p we easily see that 

[ |Aw^|V^P+ / iVw^l^ < C(M)£:4 < 6^ 

Jv<l Jv<l 



2 .1-12 

wor 



1+2/2 



For 2/ > 1 we write 



\Aw^\^ <\Ha\^ + \H/3\^ + 



w 



|aXl'^l^w^l' + 



w 
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and estimate 



s/>i 



|Aw^|"|w^|^+ / iVw^l* < ||w^ 



j/<i 



Il°°(s,>i) 



Jy>i Jy>i Jy 



w 



< 



5{h*)82 + 



w 



ly>l V 

where we used (|6.49p and the Gaghardo-Nirenberg inequahty 

l^w^l'< / l^s/^w^l' / \A^^\^ <5{h*)\{HAa,a) + {HA^,P)\ = 5{b*)& 



iy>i y 

(6.72) 



Hence (|6.67p foUows from: 



w 



<b^ + 6{b*)£2- 



(6.73) 



iy>i r 

Indeed, let a cut-off function with ipd/) = for y < 1 and il^{y) = 1 for y > 2. We 
compute: 



a 



1 



dy 



1 r 1 



< c 



i<2/<2 y 



< 6^ + / 



















—a + 




y 



y 
z 

—a — Aa 

y 



1 

—a + j4a 

y 



where we used that \Z{y) + 1| < for y > 1 and (fOT]) . We now use Holder and 
Sobolev inequalities to derive: 

3/^4 ^ h'+ U-,+C j\Aa\'<h'+ U^^+\\Aa\\l4dyAa^ 

J y J y J J y J y 

< b' + 6{b*)\\Ha\\l,+ J 

and ()6.73p follows. 

The bound (|6.68p follows from: 



2 

L2 



I^7Il-(s/>i) ^ 



?;>i 



/y>i y 

It remains to prove (|6.69p . Using (|6.7Up . we treat the most delicate quadratic term, 
other terms are treated similarily and are easier to handle. We claim: 



a\'\AHa^)\^<5{b*)(£,+ 



\logb\' 



(6.74) 



To treat the singularity at the origin, we write 

A{a^) = 2\dyaf + 2aAa = 2\dyaf -2aHa + 2V (^^^ 



2\dyaf - 2aHa + 2V (^Aa + dya + 



68 



F. MERLE, P. RAPHAEL, AND L RODNIANSKI 



Taking another Laplacian and multiplying by a now yields sufficient vanishing at 
the origin to close the estimate (j6.74p near the origin using the estimates of 
Lemma 16.71 Far out, we write 



A{a^) = 2\dya\^ - 2aHa + 2 



.yj \y. 

The contribution of the last term is easily estimated using the extra decay |y — 1| < 
Yqip-. We next compute: 



/ 



\a\'\A{\dya\')\'<\\a\\l. 



i/>i 



|(9yap + |5ya||A5ya|)' 



< 



< 



\a\\lo 



f I 1 ^1 

/ \Ha\^ + \dya\\dyHa\ H — |5ya||i?a| + ^ A-i-k 

■^y^^ \ ' y i,k=o y 

Ufe>i) + ll^«lli-(,>i)) ^'liog^l' + (ll^ 



\dya\ \dya\ 



\^{y>l) + ll'9ya||ioo(j^>l) 



Next, we write: 



V 



/S.{aHa) = AaHa + 2dyadyHa + a y—H a H — ^Ha 

= AaHa + 2dyadyHa- aH'^a + Ha{Aa + Ha). 

The contribution of all other terms can be treated in a fashion similar to the previous 
argument. 

This concludes the proof of Lemma 16.81 
6.9. Interpolation bounds for W2. We recall that 

W2 = JHw, J = (ez + w)A 
and the decomposition from (|4.37p : 

W2 = W2 + W2, W2 = iizHw"*", W3 = RzAw2- 

From the explicit definition (j2.26p of M, we have the formula: 

-2(1 + Z)dyJ 

W2 = W2 + w A Hw, W2 = Rz 



Lemma 6.9 (Interpolation bounds for W2). There holds: 

|JEIw|2= / \w2\'^ = £2 + 0{b'^\logb\'^ + 6{b*)£2 



(6.75) 



J |Mw|2 <£:2 + 62|iog6|2, 
(1 + y )(1 + llogyr) 



w. 



0|2 



1 + |lo..n~^<*''^*- 

A 

+ £4 



(l + y4)(l + |logy|2) ^ '\\logb\^ 



(6.76) 

(6.77) 
(6.78) 
(6.79) 
(6.80) 
(6.81) 
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j |Hw2p < C{M) (^£4 

\mw2\^<£i + 



+ 



54 



|log6|2 



|log6p 



J iMwip + J |i?,]H(fl2wi)|2 < 6{b*) (^£, + 



|log6h 



|HJw2p < C(M) 



(6.82) 
(6.83) 
(6.84) 
(6.85) 



Proof of Lemma 16.91 

step 1 Estimates for W2. 
Oberve that 

£2 = j |w2|2, £^ = j |fi,]HwO|2 = I |A*W3'2 

We then estimate from ^A^ . IKm . IK62h : 



(6.86) 



< f2 + 6'|log&P 
which yields (|6.78p . Now from (|6.62p : 



+ 6{b*)\\M^\\i,<b'\logb\' + 6{b*)£2 



which together with (|6.86p concludes the proof of (|6.77p 
From the explicit definition of H: 

|Mw|2 ^ f\Ha\^ + \HP\^ + \A^\^ 



I 



+ 



\dyj\^ + \dya\' + 



\a\ 



(l + y4)(l + |logy|2) ~ J (l+y4)(l + |logy|2 

< C{M)£, 

and ()6.79p follows from (|6.43p and ()6.60p . For (|6.80p we simply observe 

|w^| = li^^EIwI < |IHw|. 

On the other hand, 

IW2I < |w A Hmv\ < |w| |IHw| 
and (IHISTD follows from the bound ||w||lcx, < 5{b*), see dOOll and ^M^ . 

step 2 Estimates for IHw2. 

We now turn to the H'^ estimates (|6.82p and (|6.84p . Recalling the decomposition 
(|6.75p we first examine the quantity IHW2: 

|HwO| < \H^a\ + \H'(3\ + -±^{\dyH(3\ + ™ ) 

1 + y 



The estimate 



|MwO|2 < CiM)£^ 
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now easily follow from the definition of £4 , the coercivity bounds of Lemma 16.51 To 
obtain the improved bound for JHwg we simply note that 

I^^Hw^l < \H^a\ + \H'^/3\ 

and 

|w AMw^l < 6{b*)\Hw'^\ 

from which 

6^ 



/ 



JMwOp <£,+ 



|log6p 

and thus (|6.83p follows from the first part of (|6.84p . 
We now claim: 



|Mw2|2<5(6* 



|log6|^ 



+ £4 



(6.87) 



Indeed, we compute: 
and split the integral: 



Mwi = -2 [H{{1 + Z)dy-f)] ey 



|IHw|p + 



iMw: 



2|2 



S/>1 



The outer integral is easily estimated using the extra decay \1 + Z\ < ^^-^^ 
the estimates ()6.60p of Lemma 16.81 For the inner integral, we use \Z — 1\ < jyp to 
estimate: 



|EIw 



2| < 



\Hdyjf+6{b*) 



|log6|^ 



+ £4 



We then observe near the origin that for any function f: 



Hf = -dyyf - ^/ + 1/ + 

y r y 



dyyf ^ h 

y 



Af V -i + z -1 



y^ 



Since |y — 1| + |Z— l|<y2, the estimates of Lemma 16.81 imply: 

b^ 



y<i y 



|log6|' 



+ £4 



The bound for the remaining term is given by (|6.63p . 
step 3 Quadratic term. 
We claim: 



/ 



|H(w AHw)p < (5(6*) 



log6|' 



+ £4 



{6. 



Indeed, first compute: 



w A Hw 



f3 [-A7 + 2(1 + Z)idya + f a)J - jH/3 

-a [-A7 + 2(1 + Z){dya + fa)] +^[Ha- 2(1 + Z)dy^] (6-89) 

aH/3 - P{Ha - 2(1 + Z)dyj) 

We now apply the M operator again and estimate all terms. We sketch the proof 
for the most delicate terms. 



\H{^Ajr< / \Aj\'\H^\'+ / \dyAj\'\dy^\' + 



2,,|2 



(6.90) 
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The last integral is the most delicate term estimated from (|6.69p . For the other 
terms, we estimate using (j6.53p . (j6.67p and (|6.68p : 

J\Aj\'\Hp\' < ||A7||ioo(,>i)||///3|2 + ||F^||i^(^<,)^^JA7|2 

< b^\logb\%^\logb\^ + b%'^\logb\^ < b\ 
On the other hand, since 

^ y y 

and \Z — 1\ < we can estimate from (|6.54p . (|6.60p and (j6.63p 

|2|a «|2 / no ou _ , f iq a„,|2 ^ .6 



\dyAj\'\dy(3\' < ||a,/3|Uoo(,<i) / |a,A7|^ < 6^ 

y<i ■Jy<i 
For y > 1 we can interpolate between (j6.68p and (|6.69p to obtain 

/ \dyAj\^\dy^\''<b'\\lOgb\^ + bf\\dyl3ho.(y>l)<b\ 

■Jy>i 

For the term involving the last coordinate in (|6.89p . we compute: 
J |A(aF/3)|2 < J |Aa|2|F/3|2 + J \dyaf\dyHp\^ + J \a\^\AHpf 

< I |Aa|2|F/3|2 + I \dyaf\dyHp\' + J \a\^\^ + 6{b*)£,. 

Terms near the origin are easily estimated using Lemma 16.81 Far out, the first two 
terms are easily treated and for the third one, we estimate from (j6.56p : 

/ < 6^|log6p^/6+ ll-^lli. / \HP\' < Sibnj^, 

Jy>i y^ ^ + y^ J |iogor 

This concludes the proof of (I6.88p . The second part of ()6.84p and ()6.85p can be 

obtained in a similar fashion. 

We omit the details. 

This concludes the proof of Lemma 16.91 



Appendix C: Proof of Lemma 14.71 

This Appendix is devoted to the proof of Lemma 14.71 which is the key to handle 
the quasilinear stucture of the problem. The proof is mostly algebraic and makes 
an implicit use of the interpolation estimates of Appendix B. 

step 1 Gain of two derivatives. 

Let 

a = aer + I3er + jQ, T 



a 
7 



be a decomposition of the vector a relative to the Frenet basis of Q with (a, (3, 7) = 
{oi{y), I3{y),'y{y)) functions of the radial variable y, and + + (1 + 7)^ = 1. 
Then from (|2TB : 

Aa + \VQ\'^a = -mr. (6.91) 
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We compute the action of derivatives 

dya = dyV + Mr, MV := (1 + Z)ey A T, 

-dea = NT, NT := ( -e, - (1 + Z)eA A T. 

y \y J 

We recall the double wedge formula: 

a A (6 A c) = (a • c)6 - (a • b)c. 

Let also 



(6.92) 



U = W + Cz, \u\ 



1. 



be a unit vector. The proof of Lemma [4.71 is based on two computations. 
The first one relies on the action of the Laplace operator in the Frenet basis: 

Ja-uAAa = J Aa-{aAu)= J a-A{aAu)= J a • [Aa A n + 2Va A Vu] 



and thus 

ja-uAAa = J a - (VaAVu). (6.93) 
We now compute from ()6.9ip : 

a-[uAAa] = a - [uA{Aa+ \VQfa)] = -T ■ [(e^ + w) A MT] = -T ■ JMT. 
Hence from IK92\i . ^Ml- 



= Jt- [{dyT + Mr) A {dyw + M{ez + w)) + NT A iV(e, + w)] 

= jT-[dyTA [dyW + M(e, + w))] + j^' [MT A {dyW + M(e, + w))] 

+ Jt-[NTA N{ez + w)] . 



The second computation uses the normalization of w: 



j JT ■ dy{JT) AdyW = j JT- [{dyW A r + (e^ + w) A dyT) A dyw] 

\dyW.T){dyW.JT) 



and the structure of the operator M: 



JT 



dy{JT)AiM{ez + w)) 
JT ■ [{dyW A r + (e, + w) A dyT) A {M{ez + w))] 
JT ■ [{dy^ AT) A (M(e, + w))] . 
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This generates a two derivatives gain: 

J mv ■ jiH( JHr) = - J JMT ■ dyimr) a (dyw + M{e, + w) 



-/ 



JMA- 



M JHr A {dyW + M(e2 + w 



JHr 



iVJHr AN{e, + w) 



{dyW ■ mT){dyW ■ JHr) - / JHr • [{dyW A Hr) a {M{e, + w))] 



-/ 



JHr • 



MJHr A {dyW + M{ez + w 



»]-/ 



JHr • 



AT JHr A N{e, + w) 



We now observe from 



Me^ = (1 + Z)e^, Ne^ = (1 + Z)ey 



the cancellation: 



-/ 



JHr • 



MJHr A Me, 



I 



JHr • 



JHr • 



iV JHr A Ne, 



(1 + Zf{ey A JHr) Ae^+ (i^^z - (1 + ^)ex) A JHr j A (1 + Z)ey 



JHr 

Z{l + Z) 

y 



(JHr •ey)(JHr -e^). 



We have thus arrived at the formula: 

J JHr • JH( JHr) (6.94) 

= J{dyw ■ Hr)(5j,w • JHr) - J JHr • {dyW a nr) a {M{e^ + w)) 



JHr 



MJHr A {dyW + Mw) 



+ 



JHr A ATw 



step 2 Leading order 6 term. 
Let us write 

w = Wo + wi, Wo = hfiey. 

We compute: 



Mwo = 0, ATwo = -hTi -e^ + (1 + Z)e, 

y 



This yields in particular the cancellation: 



A^wo- -{1 + Z)e^ + -e^ 

y 



0. 
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We now compute the leading order contribution of wq to (j6.94p . First, 



Z{l + Z) 

y 

Z{l + Z) 

y 



(JIHr-ej^)(JEir-e^ 



Z{l + Z) 



y 



( jer • ey) [((wo + wi + w) A Mr) • e. 



(jer • ey)[-bfi(Mr ■ e^)] + o 



Wi + w 



_6 / ^ii±^ri(JE[r.e,)2 + 



y 

Zjl + Z) 

y 



y(l + y2) 
Wi + w 



y(l + y2) 

ri(jEir • eyf + o {b5{h*)\\Mr\\l2) 



+ 



y(i + y) 



where we used the estimates of Lemma 16.71 Next: 



mv ■ 
b I mr 



MJM.T A dyWQ + NJBT A A^wq 



(1 + Z)dyTiey A {sy A Jer) + Nwo A ( (-(1 + Z)e^ + -e^) A JMrj 



= bj{i + z)dyfi {mT-eyf-wmvf 

= bjil + Z)Afi{jmT ■ e^f 

+ b j ( JMA • e 

= 6 /(I + Z)Afi{mT ■ e^f + 0[b 



(1 + Z)(JEir • e^.) + -(jer • e,))(--(J]Hr • e^) - (1 + Z)(JIHr • e,)) 



(1 + Z){dyfi + -ri)(jEir • e,) + ri((i + Z)^ - ^){JW ■ e,) 



1 + y y 

6 / (1 + Z)ylfi(J]Hr • e^)2 + O (5,5(6*)||Hr||2 2) , 



L2 



thanks to Lemma 16.71 Next 



mv ■ [{dy^Q A Mr) A Me^] = -b J {1 + Z)dyTiJMT ■ [{cy A Mr) A e^] 
+ Z)dyfi{mT ■ ey){MT ■ e^) 

6/(i + zHf,(J«r..,)((jHr.e„)-(*A.TMr).e.^ 

6^(1 + Z)aj,fi(JMr • eyf + O (||6(1 + Z)dyfiw\\Lo^ 

b /(I + z)dyfi{jmT ■ cyf + o {b6{b*)\\mT\\l2) . 
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Therefore we obtained 



j JBT ■ jiH(jiHr) = b J{i + z)Afi (jer • e^f - (jer • ey) 
+ / (a^w • Mr){dy^ ■ mv) - [ mr ■ [idy{wi + w) a er) a {M{e, + w))] 



mv 



MJMT A {dy\v+dyw + M(wi + w) 
iV JHr A iV(wi + w) 



+ O {b6{b*)\\MT\\l2) . 

step 3 Upper bound on the quadratic term. 
We now claim that 

Vy > 0, < (1 + Z)Afi <l-di 
for some universal constant 

< di < 1. 

We prove the inequality for Ti, the claim for Ti follows immediately. From 

(Acpy z 



(6.95) 



(6.96) 



there holds: 



and thus, 



Now 



Therefore, 



Let now 



then 



A*{ATi) 



AT^ 



Act> y' 
1 d 



yH dy 
1 fy 



y^4' Jo 



i + z 



A^ 



1 + y y 



J{y) = (1 + Z)A{Ti) = \ r T{A^fdT > 0. 

y Jo 

f{y)= f\{AckfdT-y\ 
Jo 

4y3 



(6.97) 



1 



n ^ 2^2 - 2y = - [V - 2y(l + 2y^ + /)] < 
{1 + y^y y 



f'{y) = y{A^f - 2y 
and thus 

/(y)</(0)=0 for y>0. 

Hence J{y) < 1 for y > 0. Now J{y) — t- as y — )■ +oo. It therefore attains its 
maximum at some yo > with J{yo) < 1, unless yo = which is ruled out since 
J(0) = 0, and (l6J6]l is proved. 



step 4 Conclusion. 
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To control the remaining nonlinear terms in (|6.95p we use the estimates of Lemma 
6.71 The first three terms are easily controlled: 

<||a,w||ioo||Eir||i. <M(6*)||]Hir||i„ 



{dy^ ■m:){dy^ ■ mv) 

mV ■ [(9y(wi + w) A Hr) A (M(e^ + w))] 



< 



< 



6<5(6*)||E[r||2„ 



I en 



L2 



mv ■ 



M.mT A {dyw+dyw + M(wi + w) 



< 



\dyWl\ + \dyW\ 



1 + 

< b5{b*)\\m\l2- 





Wi + W 




+ 

L°° 




L°°- 



iMri 



L2 



The last term requires an additional cancellation to handle a singularity at the 
origin. Indeed, 



NmV A iV(wi + w) 

jer A 

JEir A [e^ A (wi + w)] 



mv A A^(Wi + w) 



(-e, - (1 + Z)e^) A JEir 

y 

yZ 



(-e^- (1 + Z)e^) A(Wi+w) 

y 



o 



Wi + w 



Z' 



-e, A mv 



|w|(|wi| + |w| 



y(l + y2 

(J]HA-e^)(wi +w)j + O {b5{h*)\\Mr\\l2) 

mvwl^ + O {b5{b*)\\wr\\l2) 



iMri 



L2 



< 



0{b5{h*mT\\l,] 



Combining these estimates together with (|6.96p and (|6.95[) concludes the proof of 
()4.49p and of Lemma K7\ 
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